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1 Introducing Fluids

1.1 Properties of Fluids
1.1.1 What is a Fluid?

Examples from everyday experience:

alcohol (low-viscosity liquid)

water (medium-viscosity liquid)

molasses (high-viscosity liquid)

e air (gas)

Unifying definition: fluids are continuously deformable, responding to applied forces by
changing shape/state in a smooth, continuous manner.

1.1.2 Microscopic Description

We can characterize a fluid at some instant ¢ = ¢, by specifying the

® 1Mass

e position

velocity

of every particle (atom, ion, molecule, electron, etc.) in the fluid. Then, the ¢ > ty evolution
of the fluid can be determined by integrating the equation of motion for each particle,
accounting for the myriad interactions (electromagnetic, gravitational, etc.) between the
particles.

Although for ‘small’ numbers of particles this N-body dynamics approach is effective, for
fluids there are simply too many particles and interactions to keep track of. In the Sun, for
instance, there are ~ 10°" particles and thus ~ 10'* two-particle interactions — more than
the number of atoms in the Universe!



1.1.3 Macroscopic Description
An alternative approach is to characterize the fluid at some instant ¢t = ¢y by specifying the

e velocity v

e pressure P

density p

temperature T

as a function of position vector . Then, the t > t; evolution of the fluid can be determined
by integrating a set of equations governing the macroscopic state variables [v, P, p, T, .. ].

This flurd dynamics approach is effective when the state variables are well defined. Given
that these variables represent macroscopic averages over the distributions of microscopic
particle properties, we therefore require that the particle distributions themselves are well
defined — for instance, particle velocities associated with random (thermal) motions that
follow a Maxwell-Boltzmann distribution. If such requirements cannot be met, then fluid
dynamics as a technique breaks down, and we have to resort to a more-basic (and typically,
more computationally expensive) approach such as kinetic theory.

Sometimes, it is useful to consider how the fluid properties change in a frame of reference
co-moving with the flow. A useful conceptual definition is then:

A fluid element (or fluid parcel) is a small amount of fluid made which retains its identity
as it moves with the flow.

By ‘retains its identity’, we mean that if we could somehow tag the material comprising
the element (e.g., by dyeing it), then the element will at all times contain the same tagged
material — even if its volume or shape changes.

1.1.4 1Ideal Gases

In astrophysical contexts, the most common fluids are ideal gases obeying the equation of
state

P=pR,T. (1.1)
Here, R is the gas constant per unit mass, given in terms of Boltzmann’s constant kg and
the mean particle mass m by

il

R, = - (1.2)



Given two of the thermodynamic state variables [P, p,T] the equation of state (1.1) allows
us to calculate the third.

The temperature T is a measure of the kinetic energy per particle due to random motions. In
fluid dynamics, it’s often more convenient to work with the internal energy, which combines
both the kinetic energy due to random motions and the energy stored in internal degrees
of freedom (e.g., ionization, molecular vibrations, etc.). The temperature and specific (per-
unit-mass) internal energy u are related by

1 ksT R,T

= = _ 1.
" vy—1m v—1 (1.3)

Here, ~ is the ratio of specific heats of the gas; for a monatomic gas, v = 5/3. With this
energy relation, we can rewrite the equation of state as

P =(y—1)pu. (1.4)

The internal energy is just one component of a fluid’s total energy — the other being the
kinetic energy associated with the bulk flow of the fluid at velocity v. The relationship
between the specific internal energy v and the specific total energy ¢ is thus
2
v
eE=u-+ 5 (1.5)

where v = |v|. This equation is universal, applying whether or not the fluid is an ideal gas.

1.2 Fluid Fluxes

The state of a fluid changes over time due to flows of conserved quantities — mass, momen-
tum and energy — arising at both macroscopic and microscopic levels. These flows can be
neatly characterized by specifying a flux for each conserved quantity.

The flux of a given quantity measures the amount of that quantity passing through a unit
area in a unit time.

1.2.1 Mass Flux

The mass flux F,, is a vector defined such that the amount of mass Am passing through the
vector area element dA in time At is

Am = F,, -dA At. (1.6)
In terms of the fluid state quantities, the mass flux is given by
F, =pv. (1.7)

Clearly, F,, is parallel to v and is therefore along the direction of the fluid flow.



1.2.2 Energy Flux

The total energy flux F. is likewise a vector defined such that the amount of energy Ae
passing through the vector area element dA in time At is

Ae=F, -dA At (1.8)
In terms of the fluid state quantities, the energy flux is given by
F. = pev + Pv. (1.9)

Again, F, is parallel to v and is therefore along the direction of the fluid flow. The first
term in this expression represents the bulk flow of internal energy, while the second term
represents the work done by pressure forces.

1.2.3 Momentum Flux

The momentum flux F, is a dyadic (see Appendix A) defined such that the amount of
momentum Ap passing through the vector area element dA in time At is

Ap =F, -dA At. (1.10)

In terms of the fluid state quantities, and for the moment neglecting momentum transport
by viscosity, the momentum flux is given by

F,=pv®@v+ Pl (1.11)
where ® is the outer product and I the identity dyadic. The first term in this expression

(which is a dyad) represents the bulk flow of momentum, while the second term represents

the flux of momentum due to pressure’.

1.3 The Fluid Equations

The fluid equations relate the fluxes given in the preceding section to the changes they cause;
they are embodiments of standard conservation laws for fluids.

1.3.1 Mass Conservation
The fluid equation enforcing mass conservation is

dp
o TV Fu=0. (1.12)

1Since force is rate of change of momentum, we can think of pressure as momentum per unit time per
unit area — that is, a momentum flux




Substituting in the definition (1.7) of the mass flux vector F,,, this becomes

dp B
E+V~(pv) =0. (1.13)

This is sometimes known as the continuity equation. We can also express this as

— = —pV v, (1.14)

Eez(2+wwv> (1.15)

is a differential operator which gives the rate of change of a quantity as experienced by a
fluid element as it moves with the flow. This operator has a variety of names: the Stokes
derivative, Lagrangian time derivative, advective time derivative, or material time derivative.

1.3.2 Momentum Conservation

The fluid equation enforcing momentum conservation, in the absence of viscosity and external
forces, is
dpv

o TV Fp=0. (1.16)

Substituting in the definition (1.11) of the momentum flux dyadic Fp,, this becomes

%L:+V-(pv®v+PI):0. (1.17)

Using eqn. (A.19), this can also be written in the form

%+V-(pv®v}+VP:0, (1.18)

explicitly revealing the role that pressure gradients play. Likewise, written in terms of the
Stokes time derivative of the velocity, the conservation equation is

Dv
— =—-VPF; 1.19
"Dt (1.19)
this is of course a fluid version of Newton’s Second law, ma = F', with the pressure gradients
providing the force F'.



1.3.3 Energy Conservation

The fluid equation enforcing energy conservation, in the absence of viscosity, external forces
and heat sources/sinks, is
dpe

E—FV'Fe =0. (1.20)

Substituting in the definition (1.9) of the total energy flux vector F., this becomes

%—FV-(pav—%Pv} =0. (1.21)

Written in terms of the Stokes time derivative of the specific total energy, the conservation
equation is

De

PD; = —PV-v—wv-VP. (1.22)

Of the two terms on the right-hand side, the first represents internal energy changes due to
compression/expansion of the fluid (i.e., microscopic work), and the second represents bulk
kinetic energy changes due to acceleration of the fluid by pressure gradients (i.e., macroscopic
work).

1.4 The Integral Fluid Equations
1.4.1 A Physical Basis for the Fluid Equations?

In the preceding sections we’ve written down a set of differential equations (1.13,1.17,1.21)
describing conservation of mass, momentum and energy in a fluid. But we haven’t yet
explained where these equations come from — in particular, we haven’t presented a physical
basis for why the fluid equations appear as they do.

In fact, the differential fluid equations are special cases of more general integral fluid equa-
tions, which we’ll now explore.

1.4.2 Mass Conservation

Consider an arbitrary volume element V' which doesn’t move with the fluid, but rather is
fixed in space. Between any two instants in time, ¢ and t + At, mass conservation requires
that the net change in the fluid mass contained V exactly match the amount of mass flowing
in or out of the volume via its boundaries. Written symbolically, this statement is

t+At
/ p(r t+ At) — p(r, )] dr = —/ Fo(r ) - dAdt. (1.23)
% )%

t

10



The left hand side represents the change in the mass contained in V), and the right hand side
represents the time-integrated flow of mass out through the boundary 9V of the volume, as
described by the mass flux vector F,, (cf. eqn. 1.7).

To see how this integral fluid equation relates to the corresponding differential one (1.12) for
mass conservation, let’s take the limit of very small At. In this limit, the left-hand side of
eqn. (1.23) becomes

Jim { /V (ot + At) — p(r, 2] dT} _ { /v {% y dT} At, (1.24)

and the right hand side becomes

t+ At
lim {/ F,(r,t)- dAdt’} = { F,.(r,t) -dA} At. (1.25)
¢ ov av

At—0

Setting these two equal, and dividing through by At, we find that

/ap dr= | F,-dA. (1.26)
y Ot av

Next, we apply the divergence theorem (A.22) to rewrite the surface integral on the right-
hand side as a volume integral:

/apd /V-Fde. (1.27)

(An important note here: this step is only valid when F,, is a continuous function of position.
More on this later). Because this equation holds for any choice of V, the integrands must be
equal and so

dp
— =—-V_-F,. 1.28
ot m (1.28)
With some trivial rearranging, we see that this is identical to the differential equation (1.12)
governing mass conservation.

This is important result bears calling out:

In fluid flow with no discontinuities, the integral form of the (mass) conservation equation
is identical to the differential form of the (mass) conservation equation.

The word ‘mass’ is in parentheses here to highlight the fact that the same statement also
applies to the momentum and energy conservation equations, as we shall see below. The
opening clause about ‘no discontinuities’ comes from the requirement that F;, — and hence
the flow itself — be continuous. If this requirement is not met, then the integral form of
the conservation equation remains valid even across discontinuities (a fact we’ll exploit later
when dealing with shocks), but the differential form blows up because derivatives become
undefined there.
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1.4.3 Momentum Conservation

Let’s consider the same volume element V' as before. Momentum conservation requires that
the net change in the fluid momentum contained V, between t and t + At, exactly match
the amount of momentum flowing in or out of the volume via its boundaries. Written
symbolically, this statement is

t+At
/ [p(r,t+ At)v(r,t + At) — p(r,t)v(r,t)] dr = —/ / Fp(r,t)-dAdt. (1.29)
% t av

The left hand side represents the change in the momentum contained in V), and the right
hand side represents the time-integrated flow of momentum out through the boundary, as
described by the momentum flux dyadic F, (cf. 1.11).

It’s straightforward to apply the same analysis as in the preceding section? to convert this
integral form for momentum conservation into the corresponding differential form

Opv

5 =V F (1.30)

With some rearranging we see that this is identical to eqn. (1.16). The same caveats as
before apply: the integral form (1.29) is always valid, whereas the differential form is only
valid for continuous flows.

1.4.4 Energy Conservation

Finishing off our discussion of the integral forms of the fluid equations, energy conservation
requires that the net change in the fluid energy contained V, between ¢ and t + At, exactly
match the amount of energy flowing in or out of the volume via its boundaries. Written
symbolically, this statement is

t+ At
/ [p(r,t+ At)u(r,t + At) — p(r, t)u(r,t)] dr = —/ F.(r,t')-dAdt. (1.31)
% t oV

The left hand side represents the change in the energy contained in ), and the right hand
side represents the time-integrated flow of energy out through the boundary, as described
by the energy flux vector F, (cf. 1.9). As before, for continuous flows this reduces to the
corresponding differential equation (1.20).

2The one wrinkle in the derivation is that we have to use the divergence theorem for dyadics, eqn. (A.23).

12



1.5 External Forces

So far we’ve considered fluid flows in the absence of external forces. These forces can be
broadly divided into two categories:

A body force acts throughout the volume of a fluid, in contrast to a surface force (sometimes
contact force) which acts through the boundaries of the fluid.

Examples of body forces are gravity, electromagnetic forces, and the inertial centrifugal and
Coriolis forces; examples of surface forces are surface tension, and normal pressure forces
exerted by rigid walls.

For the time being, let’s concern ourselves only with body forces. For a fluid acted on
by a force per unit mass g (which has units of acceleration), the momentum and energy
conservation equations are modified to read

Jpv

E%—V'(,@v@v—l—Pl):pg (1.32)
and

dpe

E+V~ (pev + Pv) = pg - v, (1.33)

respectively (the continuity equation is unaffected). Comparing these against eqns. (1.17)
and (1.21), we see that the body force introduces new ‘source’ terms on the right-hand side,
corresponding to the force per unit volume in the momentum equation and the rate of work
per unit volume in the energy equation. The presence of these source terms means that
momentum and energy are no longer conserved in the fluid — but, that’s not surprising
given that there are external forces at work.

The most common body force encountered in astrophysics is gravity. The gravitational
acceleration is most easily obtained from the gradient of the scalar gravitational potential

Doravs
Ggrav = —VPgray, (1.34)
and P,y itself is calculated by solving Poisson’s equation
V2®,..y = 47Gp. (1.35)
For spherical mass distributions, things are simplified: the gravitational acceleration is given
by
GM,

r2

Gorav = — 'f’: (136)

where M, is the total mass contained inside the sphere with radius r, and 7 is the unit vector
in the radial direction. Note that it’s generally not the case that
GM,
Poray = — -, (1.37)

r

13



unless there is no mass outside radius 7.

For fluids acted on by body forces, there exists a special equilibrium configuration which is
not just steady-state but also static:

Hydrostatic equilibrium is a static fluid state in which body forces exactly balance pressure
gradients.

Mathematically, the condition of hydrostatic equilibrium (HSE) follows simply by setting
the time derivatives and velocity to zero in the momentum equation (1.32), to obtain

VP =pg. (1.38)

Most commonly, this equation is applied in situations where gravity comprises the body
force; for spherical mass distributions, it becomes
P GM,
dr r2

p. (1.39)
2 Special Types of Fluid Flow

2.1 Rotational & Irrotational Flows

The vorticity of a fluid is the curl of its velocity, and represents the degree of fluid circulation
about each point in the flow.

Symbolically, the vorticity w is
w=Vxwv. (2.40)

If w is zero we say the flow is rrotational; conversely, a non-zero vorticity indicates a
rotational flow. Conceptually, rotational flows share the property that a miniature paddle
wheel dropped into the fluid will start to turn around its center.

Parallel shear flow is a classic example of a rotational flow. Suppose the fluid velocity behaves
as

v = f(z) &, (2.41)

where f(z) is some function of the Cartesian z coordinate alone and & is the unit vector in
the Cartesian = direction. Taking the curl, we have

df .
= — 2.42
@ dz v ( )

and so we see that the flow is rotational everywhere except at extrema where df/dz = 0.

14



Another example of rotational flow, with particular significance in astrophysical contexts, is
circular motion around an axis (sometimes known as a vortez):

v = 0(w)w b, (2.43)

where @ is the distance from the axis (the ‘radial’ coordinate in the cylindrical coordinate
system), {2 is the angular velocity (a function of @), and ¢ the unit direction in the azimuthal
(¢) direction. Taking the curl,

I(w?2)

A 2.44
5o 2 (2.44)

From this we see that, for instance, uniform rotation ({2 = const.) is rotational flow, as is
Keplerian rotation (2 oc @™3/2). The former may come as a bit of a surprise; surely, a
miniature paddle wheel won’t turn if we drop it off-axis in a uniformly rotating fluid? In
fact, it will — we’re forgetting that as the paddle wheel completes one full orbit around
the center of rotation, it also completes one full revolution about its own center. A direct
analogy here is the way the stars in a tidally locked binary system complete a revolution at
the same time as they complete an orbit.

An interesting special case arises with circular motion that’s angular-momentum conserving;
that is,

w2 = j, (2.45)

where j is the (constant) angular momentum per unit mass. Clearly, the vorticity vanishes
everywhere and it appears we have an instance of an irrotational vortex! Physically, however,
this isn’t possible; if the above equation applies strictly, then both the angular velocity and
the physical velocity become infinite as w — 0. Instead, there must be a small core region
around the origin where the equation breaks down and the flow becomes rotational.

2.2 The Vorticity Equation

The vorticity of a fluid evolves via a well-defined equation, which we can derive from the
fluid mass and momentum equations. Let’s start by taking eqn. (1.19) and expanding out
the Stokes derivative, to obtain

ov 1

— . =—-VP. 2.46

5 T (v-V)v pV (2.46)
Now we make use of the vector identity

1

(v-V)v= §V(v ‘v) —v X (V xo) (2.47)

(cf. eqn. A.21) to rewrite this as
1 1

% + §V(U v)—vx (Vxwv)= —;VP. (2.48)

Taking the curl and rearranging, we arrive at the result
1
%_ut) =V x(vxw)+ EVp x VP. (2.49)

15



2.3 Incompressible Flows

An incompressible flow is one in which the density of individual fluid elements does not
vary with time.

The Stokes time derivative introduced in eqn. (1.15) gives the rate-of-change experienced by
a fluid element, and so we see that an incompressible flow satisfies the relation
Dp  0p

_——=— . = . 2~
D1 at—l—v Vp=0 (2.50)

Combining this with the continuity equation, it follows that
V.-v=0, (2.51)

which in turn tells us that the volume of a fluid element in an incompressible flow does not
change (even though the element’s shape may be distorted).

How realistic are incompressible flows? Some fluids (e.g., water) are intrinsically incompress-
ible, and always exhibit incompressible flow — so, we often refer to them as incompressible
fluids. In astrophysics, however, we deal with fluids (gas, plasma) which can most certainly
be compressed. Nevertheless, in some situations even these fluids can flow in a manner satis-
fying the incompressibility condition (2.50). Typically, such situations are encountered when
the flow velocity is much smaller than the propagation speed of acoustic (sound) waves; then,
any pressure differences between a fluid elements and its neighbors are ironed over timescales
much shorter than the typical fluid evolution timescale, and the flow behaves incompressibly.

For an incompressible flow with an initial density that’s spatially uniform, the density re-
mains uniform. Then, the vorticity equation (2.49) we derived above simplifies to

Ow
e V x (v X w). (2.52)

Together with eqn. (2.40), this equation gives us all we need to know to calculate the evolution
of the fluid.

2.4 Kelvin’s Circulation Theorem

A simple result which follows directly from the incompressible vorticity equation (2.52) is
that an initially irrotational flow will remain irrotational for all time.

16



In fact, this is a special case of a more general theorem:

Kelvin’s circulation theorem states that in an inviscid, incompressible flow the circulation
around a closed curve C (which encloses the same fluid elements) moving with the fluid
remains constant with time.

The circulation is defined as the line integral of the velocity around the curve,

r= j{v - ds, (2.53)
c

which by Stokes’s theorem can be written as an integral of the vorticity over the surface 0V
bounded by C,

I'= / (Vxv)-dA= w-dA. (2.54)
v v
The circulation theorem then states that
DI _ 0 (2.55)
Dt '

for incompressible flow, and can be derived by combining eqn. (2.52) with Stokes’ theorem
and the Leibniz integral rule for line integrals (see Appendix C).

Although it may seem a little abstract, we've all seen Kelvin’s circulation theorem in ac-
tion. When water flows past an obstacle (e.g., a fallen tree), little whirlpools form and are
subsequently carried downstream for some distance by the flow. These whirlpools are fluid
elements having a large vorticity, and Kelvin’s theorem tells us that these elements should
retain this large vorticity as they move with the flow. Eventually, of course, the whirlpools
dissipate; this is a consequence of viscosity, as we’ll discuss in greater detail in §3.

2.5 Barotropic Flows

Consider a flow which isn’t incompressible, but the pressure — for whatever reason — is
everywhere a function of the density alone. It follows that VP and Vp will be parallel,
and the cross-product term in eqn. (2.49) vanishes, meaning that the fluid also satisfies
the incompressible vorticity equation (2.52) and likewise Kelvin’s circulation theorem. Such
fluids are known as barotropic, and behave much like incompressible fluids even though V - v
is not necessarily zero.

An example of a barotropic fluid is an isothermal gas (see, e.g., §B.3); because the tem-
perature is fixed, the pressure and density are directly proportional and so the barotropic
condition is met.

17



2.6 Potential Flows

For irrotational flows, the velocity can be written as the gradient of a scalar velocity potential:

v =V, (2.56)
If the flow is also incompressible, then eqn. (2.51) indicates that
V-V, =V, = 0; (2.57)

hence, the velocity potential satisfies Laplace’s equation. The solutions to this equation de-
pend only on the boundary conditions — change these condtions, and the whole structure of
the flow will change instantaneously. This highlights an artificial property of incompressible
flows: signals propagate at infinite speed.

3 Viscosity

3.1 Introducing Viscosity

So far we’ve neglected the effects of viscosity on fluid motions. Viscosity is the resistance of
a fluid to deformation by applied stresses. Everyday examples of viscous fluids include oil
and honey. This resistance manifests itself as extra terms in the fluid momentum and energy
equations, which we’ll briefly review in the following subsections.

Let’s start with a couple of definitions:

Stress is the force per unit area exerted on the boundary of a fluid element by a neighboring
fluid element.

’ Rate of strain is the fractional change in the dimensions of a fluid element per unit time.

So, (rate of) strain represents the (rate of) deformation of the fluid, and stress represents
the forces causing or resisting this deformation.

3.2 The Strain Rate Tensor

The rate of strain of a fluid is quantified by a strain rate tensor (or dyadic, if we're going
to insist on consistent nomenclature). To derive an expression for this dyadic, let’s consider
the velocity field in the neighborhood of some point 9. Using a first-order Taylor-series
expansion,

v(r,t) =v(ro,t) + J(ro,t) - (r — 7o), (3.58)

18



where the dyadic J — sometimes termed the velocity gradient tensor, and denoted Vv —
has components

o’
Oxd’
This J encapsulates all there is to know about the relative fluid motions around r. It can

always be decomposed into a dyadic describing rotational motions and a dyadic describing
deformational motions — and the latter is the strain rate tensor.

JU = (3.59)

To see this, let’s write J in the form
J=E+R, (3.60)

where we define two additional dyadics

1 1
2 2

E=-UJ+J"), R=-(J-J"). (3.61)

The T superscript indicates the transpose, so that for instance
(JY)9 = o (3.62)

From the definition of E dyadic, we see that it is symmetric: E = E'. Likewise, we see that
the R dyadic is anti-symmetric: R = —RT. (There’s no magic here; any dyadic or rank-2
tensor can always be split into symmetric and anti-symmetric parts.)

The R dyadic represents the (locally uniform) rotation of the fluid about r(. To see this, we
write it out in matrix form (and assuming Cartesian geometry) as

0 Qe Oy duy _ Ovs
1 5 oy ox 88z ox
— — | 9 _ Ous vy _ Ove
R = 9 ox oy 0 0z Ay (363)
vy vy  Ovz % 0

oz~ Oz dy 0z

We can recognize the non-zero entries in this matrix as the components of the vorticity vector
w (cf. eqn. 2.40); hence, R can also be expressed

1 0 —w, —wy
Wy Wy 0

Clearly, R tells us about the rotation of the fluid around 7¢; if R vanishes, then the fluid
must be (locally) irrotational, and vice versa.

The remaining symmetric part E of the velocity gradient tensor is the strain rate tensor,
and describes the non-rotational changes to the fluid in the vicinity of 7y — whether due to
compression/expansion or to shear deformation, or a combination thereof. The components
of this tensor are

1 Ot O
Z'j = —
E 5 (8xj + axi) : (3.65)
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or in vector/dyadic notation

1
E=3[Vo+t (Vo)']. (3.66)
Written out in matrix form (again assuming Cartesian geometry), we also have
. 281}1 38’11; + 81;31 68’!1; + 8Uz
E— - ('981;3; + 8% 2%’; ‘%y + 801;; (367)
8vz + 81}; ('981); + avy 2%”;!

To separate out the compression/expansion and shearing parts of E, we can further decom-
pose it as

E = —D + - (V v)l. (3.68)
Here, the deformatlon rate tensor D is
2
= [Vv+ (Vo)'] — s(V-o)l, (3.69)
or in component notation
g ot O’ 2
DY = . - | — = (V- v)d,;. :
(W + 8$’> = (V- v)d, (3.70)

This tensor encapsulates the rate of shearing deformation of the fluid. It the traceless part
of E, meaning that

Tr(D) = D" = 0. (3.71)
3.3 The Viscous Stress Tensor

The stress of a fluid is quantified by a viscous stress tensor (or dyadic) o. This tensor gives
the force exerted on a boundary area element dA as

f=0-dA. (3.72)
If we know the components of o and dA, we can evaluate this force as
f=0YdA e, (3.73)

(cf. eqn. A.14).

When this stress is included in the fluid equations, the momentum equation (1.17) becomes

dpv

%Jrv (v @ v+ Pl —a) =0, (3.74)
while the energy equation (1.21) becomes

0

%—l—v (pev+ Pv—v-0)=0. (3.75)

The correctness of these expressions can be seen by including the viscous boundary force (3.72)
in the integral forms of the conservation equations discussed in §1.4.
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3.4 Newtonian Fluids

For general fluids, determining the nine components ¢ of the viscous stress tensor is a
pretty tough undertaking. However, there is a simple class of fluids for which things are
significantly easier:

A Newtonian fluid is a viscous fluid in which the stress is linearly proportional to the rate
of strain.

This linear proportionality can be a messy affair: each of the nine components of the stress
tensor can be a linear combination of each of the nine strain rate tensor components, so we
need 92 = 81 constants of proportionality! But if the viscosity of the fluid is isotropic (the
same in all directions), then it turns out there are only two independent constants. This
leads to a viscous stress tensor with the general form

o=uD+ 5(V-v)l, (3.76)
or in terms of components
0 = puD" + B(V - v)dy, (3.77)

where p and [ are respectively the shear and bulk coefficients of viscosity. The former
corresponds to our day-to-day conception of viscosity as a resistance to shearing, while the
latter amounts to a transient resistance to compression or expansion. A nice analogy to bulk
viscosity is pushing down on a sealed piston with a ‘sticky’ plunger (one that experiences
friction as it slides past the cylinder walls) — the resistance of the piston to being compressed
only arises when the plunger is in motion. Bulk viscosity typically arises in fluids with internal
degrees of freedom (e.g., molecular rotations and vibrations) or with inter-molecular forces.
However, for an ideal monatomic gas (which has neither of these) it vanishes: § = 0. Also,
for incompressible flows the V - v term is zero, and so bulk viscosity becomes irrelevant.

Sometimes it is useful to combine the viscous stress and pressure forces into a single dyadic,
the total stress:

T=0—Pl=uD+[3(V-v)— Pl (3.78)

When we substitute eqn. (3.76) into the momentum equation (3.74), we end up with a version
of the equation applicable to Newtonian fluids:
dpv

W—I—V-(pv®U)+VP:uV-D+5V(V-v). (3.79)

Here, we've assumed p and S are independent of position, and taken the liberty of moving the
viscosity-related terms to the right-hand side, to highlight the fact that they are additional
terms which only arise when p and/or § are non-zero. If we substitute in the definition (3.69)
of the deformation rate tensor D this becomes

Jpv

T4V (pr@v)+ VP =iV vU+(vv>T—§(vm)l LAYV v).  (3.80)
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We can simplify this by noting that
V- [Vv] = Vv (3.81)

(this is the vector Laplacian operator), while

V- [(Vv)'] = V(V ). (3.82)
Hence,
%Ltv + V- (pv®@v)+VP=puVv+(8+ %M)V(V - V). (3.83)

If the bulk viscosity vanishes, then this further simplifies to

1
%L: +V - (pv@v)+ VP =V + g/LV(V -v). (3.84)

What about energy conservation for Newtonian fluids? Substituting eqn. (3.76) into the
energy equation (3.74), we find after some (rather hairy) algebra that

%+V~(psv+Pv):v~(V-a')+@, (3.85)

where
P = 2"2 (E9)? + (B — gﬂ) (V-v)2 (3.86)

The first term on the right-hand side of eqn. (3.85) represents the rate at which work is done
by viscous forces — i.e., the viscous contribution to the kinetic energy changes. The @ term,
which is always positive, likewise represents the rate of viscous heating — i.e., the viscous
contribution to the internal energy changes. Its presence means that the flow is no longer
adiabatic.

3.5 The Reynolds Number

To get a handle on how important viscous effects will be in any flow configuration, let’s take

the curl of the momentum equation (3.83) to arrive at the vorticity equation for Newtonian
fluids:

0 1
8—:‘: =V x(vxw)+ EVp x VP + vViw (3.87)

(as in §B.5, v = p/p is the kinematic viscosity). For barotropic flows, this simplifies to

%—j =V x (v xw)+vViw. (3.88)
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If v — 0 then we recover eqn. (2.52), and Kelvin’s circulation theorem holds (cf. §2.4). For
non-vanishing viscosity, however, the second term on the right-hand side corresponds to the
diffusion of vorticity. It is this term which causes the gradually decay of eddies, as they share
their vorticity with their surroundings (recall the discussion of whirlpools in water flow, in
§2.4).

Suppose we now introduce a new set of ‘primed’ variables

L V
r=1r1L, v=27V, t= t'v, w = w'z, (3.89)

where L is the typical length scale of the system under consideration, and V' is the typical
flow velocity. Then, the vorticity equation becomes

ow’ 1
at; = v, X (’Ul X w') + ﬁV'Qw', (390)
where V' = LV denotes spatial differential with respect to the scaled length. Here,
LV
= — 3.91
. (391)

is a dimensionless quantity known as the Reynolds number.

The significance of the Reynolds number is that flows involving geometrically similar con-
figurations and similar Reynolds numbers will behave in the same manner. For instance,
if we have a pair of systems involving incompressible flow around a fixed cylinder, the be-
havior of the systems will be the same if they have the same Reynolds number, regardless
of the size of the systems, flow velocities, etc. This is known as the law of similarity. It
means that to study, e.g., flow around cylinders in general, it is only necessary to con-
sider systems spanning a range of R; the actual dimensions, viscosities, etc. of the systems
don’t matter. A very good movie demonstrating these principles in action can be viewed
at https://www.youtube.com/watch?v=0ThQ_nD97hY; this movie demonstrates that as R
decreases, the flow around a cylinder becomes progressively more laminar.

Returning to the scaled vorticity eqn. (3.90), we can also say that

The Reynolds number characterizes the relative strength of inertial and viscous forces in a
fluid.

(with the inertia force corresponding to the first term on the right-hand side, and the viscous
force the second). For R <« 1 viscosity always dominates, whereas for R > 1 inertia
dominates — although viscous forces remain important near boundaries, as we shall now
see.

3.6 Boundary Layers

For an inviscid flow, the boundary condition we must apply for flow adjacent to a fixed
surface is the no-penetration condition: the component of the velocity perpendicular to the
surface vanishes (cf. §B.4).
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However, even for fluids having very large Reynolds numbers (and thus behaving almost
inviscidly) this condition is rarely realized. Experiments instead show that a more realistic
condition is the no-slip condition which we encounter in §B.5: the component of the velocity
parallel to the surface also vanishes, in the frame where the surface is at rest. The reasons
behind the no-slip condition are complicated, involving consideration of molecular forces
between the fluid and the surface which lie outside the scope of hydrodynamics.

However, that doesn’t stop us from discussing the consequences of the no-slip condition.
Essentially, the condition means that in the vicinity of a boundary there is a region of strong
shear, as the flow velocity drops from its ‘free’ (away-from-the-boundary) value down to
zero. In this boundary layer the shear is sufficiently large that the viscous terms in the
fluid equations become comparable to the other terms, even though viscosity itself may be
very small. To get an order-of-magnitude estimate for the size of the boundary layer, lets
consider a steady flow beside a straight boundary. The shear caused by the no-slip condition
will produce viscous stresses which tend to decelerate the flow. Over a distance L parallel
to the boundary, this deceleration scales as ~ V2/L, where V is the flow velocity away from
the boundary. Equating this to the viscous stresses, we thus have

V2 Vv
where 0 is the thickness of the boundary layer. Solving,
vL
0~ =—; 3.93
V ’ ( )

this indicates that the boundary layer gets thicker as L gets larger, and in this respect we can
interpret L in this expression as the distance from the upstream beginning of the boundary
layer.
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4 Waves & Instabilities

4.1 What is a Wave?

Quoting from Wikipedia?:

A wave is a disturbance or oscillation that travels through spacetime, accompanied by a
transfer of energy.

The two important words in this definition are disturbance and travels; the former implies a
perturbation to a background state, and the latter indicates that this perturbation does not
remain fixed but moves around.

4.2 Perturbation Description

To model waves, we consider the time-dependent behavior of perturbations to some well-
defined background fluid state. We can represent these perturbations by decomposing the
density, pressure, velocity and specific total energy of the fluid as

p=po+rp,
P=P+ P,
v=vy+v,
e=¢co+¢e;
here, the subscript 0 denotes the background state, while the prime (') indicates the fixed-

position perturbation®. Note that these perturbations aren’t completely independent; from
the definition (1.5) of the total energy, we have

1
co+e =ug+u + §|'U0 + )%, (4.98)
where ug and u’ are the background specific internal energy and the perturbation thereof,
respectively. If we assume that the perturbations are small, then we can expand the terms

on the right-hand side neglecting terms of second- or higher-order in the perturbed (primed)
quantities. After some algebra, we find

1
50+€’:uo+u’+§]v0]2+vo-v’. (4.99)

(strictly speaking, we should use & here rather than =; but the approximation is a very good
one when the perturbation amplitudes are small). Since the background state independently

3Which is a useful resource, if you already know the answer — verify, then trust!
4Also known as the ‘Eulerian’ perturbation, to distinguish it from the ‘Lagrangian’ perturbation experi-
enced by a given fluid element.
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(and exactly) satisfies eqn. (1.5),

1
g0 = Up + 5|voy2, (4.100)

we can subtract it away to give

e=u+vy v, (4.101)

For an ideal gas, perturbing the equation of state (1.4) gives
P'=(y—=1)[puo+ pou] (4.102)

(where again we’ve neglected second-order terms, and substracted the background state).
Combining this with eqn. (4.2), we arrive at the result

1 P[P )
o P (_ B ﬁ) - (4.103)
Yy=1po \FPo  po
This supports our assertion above that the four perturbations p/, P’, v’ and ¢’ are not
completely independent.

4.3 Linearized Equations

Let’s substitute the above expressions (4.94-4.97) into the fluid equations (1.13,1.17,1.21),
with the inclusion of an external body force per unit mass g (cf. §1.5) to allow us to consider
waves in hydrostatic stratifications. Applying the same linearization process of ignoring
second- or higher-order terms and subtracting away the background state, the resulting
equations are

a /

5 o) + V- (o) =0, (1.101)
0

_v +vy- Vv + v - Vg + — VP’ — —VPO (4.105)
ot Po I

a !

/
E_I_U -Veo + vy - Ve’ —i—p V. (Pov'—l—P’vo)—%V-(Povo) =v -gy+vy-g.
0
(4.106)

In the majority of cases we’ll encounter the background state is static, and the linearized
equations then simplify to

/

dp

e + V- (pyv') =0, (4.107)
ov' 1 s

+ VP — —VP g 4.108
ot po Po . ( )
8 ! / /
a0 +v - Vey + — po V (Pv') =v' - go. (4.109)
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For an ideal gas, we can use eqn. (4.103) to re-cast the energy equation into one for the gas
pressure perturbations,
oP’
ot

(the go term on the right-hand side has been eliminated using the equation hydrostatic
equilibrium).

+ RV v +v' - VP =0 (4.110)

4.4 Acoustic Waves
4.4.1 Wave Equation

Let’s now apply the linearized equations (4.107,4.108,4.110) to explore waves in a static,
uniform ideal gas with no external forces. Setting all background-state gradients to zero,
the equations become

8 /
8—’;+p0vm’:o, (4.111)
ov 1
4 VP =0 4.112
oP'
+yP,V -v' = 0. (4.113)
ot
Taking the divergence of the momentum equation, we find that
1
2V v = -——V?P. (4.114)
ot Po
Likewise, differentiating the pressure equation with respect to time,
0 1 0*P
—V-v=-—— . 4.115
AN N TE (4.115)
Combining these two expressions, we arrive at the result
00 82P/
VP = — : 4.116
’YPQ 8t2 ( )

This has the classic form of a wave equation, describing the propagation of pressure distur-
bances throughout the fluid — that is, acoustic (sound) waves. Its general solutions are
plane waves of the form

P'(r,t)
R

= Aexpli(k - r — wt)] (4.117)

(we’ll demonstrate this rigorously below). Here, A is a dimensionless constant giving the
amplitude of the waves; k is the wavevector, which points in the direction of propagation
and has magnitude |k| = 27/, where ) is the wavelength; and w is the angular frequency
of the waves.
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4.4.2 Dispersion Relation

The wavevector and angular frequency of the acoustic waves in eqn. (4.117) are not inde-
pendent quantities — they are tied together by a dispersion relation

w(k) = £aulk|, (4.118)

where

I~P
oy = 1] 20 (4.119)
Po

Every type of wave — not just the acoustic waves considered here — has an associated
dispersion relation, which neatly encapsulates many aspects of the waves’ behavior. The
phase velocity can be obtained from the dispersion relation via

k
Cph = WW, (4120)

and likewise the group velocity by
Cqr = Viw, (4.121)

where Vj, is the gradient operator in wavevector space. Applied to the acoustic-wave dis-
persion relation (4.118), we find that both group and phase velocities are parallel to k, and
have magnitude equal to a,q. Hence, a.q is appropriately referred to as the sound speed —
or more explicitly, the adiabatic sound speed, to distinguish it from the isothermal sound
speed

P,
— -0 (4.122)
Po

We encounter the isothermal sound speed in a number of the worked examples in Appendix B;
in the present context, it would arise if we solved the linearized equations with the pressure
equation (4.113) replaced by the isothermal relation
P/ /
L (4.123)
Py po

4.4.3 Matrix Formulation

The plane-wave solutions (4.117) to the acoustic wave equation (4.116) can be derived us-
ing a matrix formulation, which we discuss in some detail here to lay the groundwork for
considering more-complex wave systems later on. Let’s start by noting that the linearized
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equations (4.111-4.113) are homogeneous and have constant coefficients. This motivates us
to search for solutions of the form

Y (r,t) =yexpli(k-r —wt)] (4.124)
where

P/ po
Uy / Gad
v;/aad (4.125)
v,/ aq
P'/P,

~
Il

is the vector of unknowns (scaled by the background values), and y is a constant vector to
be determined. Substituting this expression for Y into the linearized equations leads to a
set of algebraic equations for y,

My =wy (4.126)

where the 5 x 5 matrix M is

0 aadkx aadky aadkz 0
0 0 0 0 Aadks /7y
M=|0 0 0 0 Qaaky /v |, (4.127)
0 0 0 0 aaak. /7y
0 aadk‘x’y aadky’y aadkz’y 0

with (k,, ky, k) the Cartesian components of k.

Equation (4.126) has the classic form of a matriz eigenvalue problem: non-trivial solutions
only exist for specific combinations of w and y, which are known as the eigenvalues and
eigenvectors, respectively, of the matrix M. The eigenvalues are found by solving the char-
acteristic equation

det(M — wI) =0, (4.128)

where det() denotes the matrix determinant and I is the identity matrix. Using Mathematica
to calculate this determinant, we find a characteristic equation

(a24|k]* — wH)w® =0 (4.129)

where a,q is the adiabatic sound speed introduced in eqn. (4.119). This is a fifth-order
polynomial in w, and therefore has five solutions — three trivial, with w = 0, and two
non-trivial, with

W = £aaq|k| (4.130)

But these latter solutions are the same as eqn. (4.118), and so we see that the characteristic
equation (or the solutions thereof) is the dispersion relation!
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The eigenvectors corresponding to the non-trivial eigenvalues w = +a,q|k| are found® as

1
+vk. /K|
y=A|£yk,/|k| |, (4.131)
+k. /| k|
v

where A is an arbitrary dimensionless constant®. Combining this with eqn. (4.124), we obtain
the solutions to the acoustic wave equation as

P'/P, 1

U/ Gad £k /|K|

vy/aaa | = A | £k, /|K| | expli(k -7 — wt)]. (4.132)
v,/ Gad +yk/|K|

P/ po g

These are the same plane-wave solutions as obtained before (cf. eqn. 4.117), but now we
can see, for instance, that fluid motions are parallel to the direction of propagation, and
therefore that acoustic waves are longitudinal.

What about the three trivial w = 0 solutions to the characteristic equation (4.129)? These
represent to time-independent perturbations to the fluid. One has an eigenvector

y=Alo], (4.133)

corresponding to a static, spatially-periodic perturbation to the fluid density. The other two
have eigenvectors

0
—k./ky
y=A| 0 (4.134)

and

y=A| 1 |. (4.135)

These both describe steady-state fluid flows in a direction perpendicular to k. It’s straight-
forward to confirm that these flows are incompressible, with V - v = 0 (this could also be
surmised from the fact that the density perturbation p’ is zero).

®Using, for instance, Mathematica’s Eigenvectors[] routine.
6The overall normalization of eigenvectors is always arbitrary.
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4.5 Gravito-Acoustic Waves

4.5.1 Wave Equation

We're now going to examine waves in a gravitationally stratified medium — specifically,
one in which the gravity acts downward in the Cartesian z direction (which we’ll term the
‘vertical” direction) with an acceleration g. The background state for this medium satisfies
the equation of hydrostatic equilibrium,

For simplicity let’s assume that this state is isothermal, so that Py = a2 po everywhere; then,
the vertical variation of both P and py is exponential:

Py=Fo (—%> ; (4.137)
Po = L0, (—%) ) (4.138)

where Py and po are the pressure and density at z = 0, respectively, and

a?

H=—% 4.139
p (4.139)

is the pressure/density scale height.

The linearized equations governing perturbations to this background state are found as

apl / pO v
— =0 4.140
or TVv =0 (4.140)
o' 1 o P
- PP+=—2=0 4.141
ot OV gH ’ (4.141)
oP' , Po

Here, we’ve neglected perturbations to the gravitational acceleration — the so-called Cowling
approximation, which amounts to assuming that the gravitational field is unaffected by small
perturbations to the mass distribution in the medium.

We could in principle combine these equations to derive a monstrous (fifth-order!) ordinary
differential equation for one of the perturbed variables. However, there’s little insight to be
gained from such mathematical pain.

4.5.2 Matrix Formulation

Instead, let’s assume trial solutions

Y (r,t) =yexplilk-r —wt) + z/2H]| (4.143)
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where Y is the same as in eqn. (4.125). The additional scaling by exp(z/2H) in eqn. (4.143)
is not strictly necessary, but it simplifies the following analysis considerably and is therefore
advantageous. Substituting these trial solutions into the linearized equations results in an
eigenvalue problem (cf. eqn. 4.126), with a matrix

0 aadkz aadky Clad/{iz + iaad/ZH 0
0 0 0 0 aadk‘x/fy
M = 0 0 0 0 Aaaky /vy
—iaaq/vH 0 0 0 Aaak. /v +iaaq/2vH
0 Yaaaks Yaaky Yaaak, —iaaa(y —2)/2H 0

(4.144)

Comparing this against eqn. (4.127), we see that the two matrices are the same in the limit
H — o0, corresponding to g — 0.

The characteristic equation for this eigenvalue problem is found (again, using Mathematica)
as

{w! — [wie + alg k] w* 4 aZg N* (K2 + k) } w = 0, (4.145)

where ky, is the horizontal wavenumber defined via

ki = k2 + k], (4.146)
and
Aad g
ac — == 4.14
Yoo =90 T 2au (4.147)
and

N= aj,_d[\/'y—lzi\/fy—l (4.148)
i Aad

serve to introduce the acoustic cutoff frequency w,. and the Brunt-Vaisala frequency N,
respectively. These are key characteristic frequencies of a stably stratified medium — more
of this later.

The characteristic equation above has a single w = 0 trivial solution. The remaining non-
trivial solutions satisfy

wh — (w2 + aZg|k*] w® + a2y N?ki = 0. (4.149)

This is quadratic in w?, and hence can be solved using the standard formula:

w2, + a2 k2:|:\/w§c—|—a§ E|2)? — 4a2 N2E2
Bl Rt 150,
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4.5.3 Vertical Propagation

If we focus on vertically propagating waves, with k, = 0, then then the solutions above
simplify to

w? = w2, + a2 k? (4.151)
and
w? =0. (4.152)

We'll discuss the latter, zero-frequency solutions later on. In the limit a2;k? > w,, the
former solutions are well approximated by

W~ Faqk., (4.153)

which resembles the acoustic-wave dispersion relation (4.118) for a uniform medium. This
is no coincidence: these solutions to the dispersion relation correspond to acoustic waves!

Although largely unaffected at high wavenumbers, vertically propagating acoustic waves
become increasingly influenced by the stratification of the medium as k, approaches and then
drops below w,./a.q (this threshold corresponding, approximately, to A ~ H). Specifically,
rather than varying proportionally to k., the frequency approaches a constant value equal
to the acoustic cutoff frequency w,.. So, w.. represents the smallest frequency an acoustic
wave can have if it is to propagate upward or downward in the stratified medium.

What then happens if we try to drive oscillations with w below this cutoff? Since eqn. (4.151)
must still be satisfied, &% must be negative and hence k, is imaginary. These solutions are
known as evanescent waves — their spatial dependence is exponentially growing/decaying,
rather than being oscillatory. Evanescent solutions are usually associated with quantum me-
chanical systems (e.g., the Schrodinger equation), representing the behavior of wavefunctions
as they tunnel into ‘forbidden’ regions — but here we see a classical manifestation of this
phenomenon.

Propagating (k? > 0) and evanescent (k? < 0) waves show a fundamental difference in the
spatial variation of their energy density. To explore this, let’s introduce the time-averaged
kinetic energy density of waves as

1 /
€ = 5{mlv *); (4.154)

here, the angle brackets () denote the average over one wave cycle, with period P = 27 /w.
With

Uy / Gad
v' = | v, /0aa | expli(k.z — wt) + z/2H] (4.155)
V./ @aa

(cf. eqn 4.143, with k = k, 2), it follows that

1
&= §p070(vf + v, +v7)(exp(—z/H)| expli(k.z — wt) + z/2H]|?). (4.156)
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If k2 > 0, corresponding to propagating waves with real k., then we find

1
5::§deU?—FUf—%Uf% (4.157)
which is independent of z. This is unsurprising — as waves propagate up through the

medium, they’re not being dissipated and hence their kinetic energy density should remain
the same. Conversely, if k? < 0, corresponding to evanescent waves with pure-imaginary k.,
then
1 2

&= 3P0, o(vZ + v +v7) exp(£|k.|z), (4.158)
which grows or decays exponentially with z, depending on the sign chosen for k,. The
reason for this exponential variation is that as a wave travels through an evanescent region
(W < wae), it is progressively reflected back toward the boundary of the region.

4.5.4 Horizontal Propagation

Now let’s consider horizontally propagating waves, with k, = 0. The solutions (4.150)
become

) w2, + a2 ki + \/ w2, +a§dk2 — 4a? N2k3

w (4.159)
In the limiting case a2,k > w?., N?, these simplify to

W = Fauqkn (4.160)
(corresponding to horizontal propagating acoustic waves), and

w= %N, (4.161)

corresponding to a new type of wave we’ve not encountered yet: internal gravity waves. The
frequency of these gravity waves does not depend on the wavenumber, but is instead fixed
to the Brunt-Vaisala frequency.

In the opposite limit a?;k% — 0, the solutions likewise simplify to

W= FWac (4.162)
and

w =0, (4.163)
which is the same result we found for vertical propagation.

Between these limiting cases, the two pairs of solutions (one acoustic, one gravity) vary
smoothly as a function of horizontal wavenumber. We can see this variation in Fig. 4.1,
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Figure 4.1: Squared frequencies w? of horizontally propagating waves in an isothermal strat-
ified medium, plotted as a function of squared horizontal wavenumber k2. Also shown are
the acoustic cutoff frequency w,. and the Brunt-Vaisala frequency N.

which plots w? as a function of k? for horizontally propagating waves. The figure highlights
the role played by the two characteristic frequencies: in the limit of small wavenumber (long
wavelength) the acoustic-wave frequency approaches the acoustic cutoff frequency w,., while
the gravity-wave frequency approaches zero. Whereas, in the limit of large wavenumber
(short wavelength) the acoustic-wave frequency behaves as it would in a uniform medium,
while the gravity-wave frequency approaches the Brunt-Viisila frequency.

4.5.5 General Cases

In general cases where propagation is neither exactly vertical or exactly horizontal, there are
two independent wavenumbers appearing in the dispersion relation, k;, and k.. To visualize
the dispersion relation (4.149), we can use a generalization of Fig. 4.1 known as a propagation
diagram. Fig. 4.2 shows the propagation diagram for our isothermal stratified medium,
plotting w? as a function of a?;k? for various fixed values of k% (positive, negative and
zero). The zero-ky, curves correspond to horizontally propagating acoustic and gravity waves,
and are the same as plotted in Fig. 4.1. The dotted lines have k* > 0, and therefore
correspond to obliquely propagating acoustic and gravity waves. The dashed lines have k? <
0, and therefore grow/decay exponentially in the vertical direction — these are horizontally

35



10' ———ry
i Wae
Ll N2
: — + Lamb
Acoustic
L ) /
Gravity /
s
4
% !
/ \ N -
1 b e e
i , o
/
/
VS
;Y
. Ry R
A &5
/7, .-
’
/
1071 SR L N | . . N
1071 100 10!
2 1.2
ki,

Figure 4.2: The propagation diagram for waves in an isothermal stratified medium. Each of
the colored curves corresponds to waves with a fixed k2; the k2 = 0 cases are shown by solid
lines, k2 > 0 by dotted lines and k% < 0 by dashed lines.

propagating but vertically evanescent waves.

Two of the vertically evanescent curves stand out as straight lines in the propagation diagram.
If k2 = N? — w2, <0, then the full dispersion relation (4.149) has the simple solutions

w? = N? (4.164)

(corresponding to the horizontal black line in Fig. 4.2), and

w? = a2 k. (4.165)
(corresponding to the diagonal dashed line in the figure). These solutions look identical
to the ones we found previously for horizontal propagation (k. = 0) — but an important
difference here is that these expressions are valid for any ky,, not just when a2 k2 > w,., N°.
Equation (4.165) was first derived by Horace Lamb, and in honor these waves — which
propagate horizontally like pure acoustic waves, at any frequency — are known as Lamb
waves.
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4.5.6 Filtering Approximations

The two special cases discussed above, comprising the Lamb wave and the w = N? wave,
exhibit what one might term ‘pure’ behavior — they extend the large-k;, behavior of acoustic
and gravity waves, respectively, all the way down to k, = 0. This property is not shared
by the other solutions shown in Fig. 4.2; for instance, horizontally propagating acoustic
waves behave more like gravity waves (w? = w2, &~ N?) in the k;, — 0 limit, and conversely
horizontally propagating gravity waves behave more like acoustic waves (w? ~ a2;k?). In a
sense, the acoustic-like and gravity-like properties found in the large-k;, limit get mixed up

2 1.2 2 A2
when ai k; S wi., N°.

Filtering approximations are a way of untangling this mixing, so that we can study the two
different wave types in isolation. We've already kind of encountered one filtering approxi-
mation: in the limit H — oo, the linearized equations (4.140-4.142) reduce to the uniform-
medium equations (4.111-4.113), whose non-trivial solutions are pure acoustic waves. In
effect, taking H — oo stops the gravity waves from mixing with the acoustic waves, by
forcing the frequencies of the former to zero.

There’s another useful filtering approximation which moves the acoustic waves out of the
way, allowing us to examine pure gravity waves. This approximation involves taking the
limit a,q — oo in the dispersion relation (4.149), which then reduces to

|k|*w® + N?ki = 0. (4.166)
Solving for the frequency,

w= :I:‘%N = +sin N, (4.167)
where in the second equality we introduce 6 as the angle the wavevector makes with the
vertical direction. From this expression, we see a curious result: the frequencies of these pure
gravity waves depend only on the direction they are propagating in, and are independent of
the wavenumber. Contrast this with pure acoustic waves, whose frequencies depend only on
the wavenumber and are independent of their direction.

Equation (4.167) helps us to understand a number of results we’ve encountered previously.
For horizontally propagating waves w = +N, reproducing the large-a.q k; limit seen in
Fig. 4.2 for the gravity waves. Likewise, for vertically propagating waves w = 0, explaining
why we failed to find any non-trivial gravity-wave solutions in §4.5.3.

What does the a,q — oo limit mean, physically? As the adiabatic sound speed gets larger
and larger, any acoustic waves generated by disturbances to the fluid propagate out of the
fluid more rapidly, and the fluid behaves as if it were closer and closer to being incompressible.
So, this limit corresponds to enforcing a form of incompressibility on the fluid.
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4.6 Interface Waves & Instabilities

We’re now going to look at waves and instabilities which arise at the interface between
two fluids. The background state consists of one fluid lying atop the other, in hydrostatic
equilibrium subject to a downward gravitational acceleration g and separated by an interface
z = 0, with a steady and uniform horizontal flow in each fluid. For simplicity we’ll assume
that the fluids are incompressible and inviscid, and are subject to a uniform gravity downward
in the z direction.

Let’s denote the densities in these fluids as p, and p, (using the subscript 1 to label the lower
fluid with z < 0, and u to label the upper fluid with z > 0), and their velocities as v, and
v,. In the steady background state, these velocities are uniform and purely in the horizontal
direction

The linearized equations describing perturbations to the background state are

Vv, =0,
V.v, =0,
(this is just the incompressibility condition), and
ov, 1 .
% g Yo+ VP = —gp) % (4.168)
ov! 1 .
5;“ + v, Vo, + p OVP‘/‘ = —gpl 2. (4.169)

These equations are augmented by the requirement that the perturbation to the vorticity in
each fluid vanishes,

w =V xv,=0,

w, =V xwv, =0.

The justification for this requirement can be found back in §2.3, where we showed that a
fluid which is initially irrotational must remain irrotational for all time”.

To determine the evolution of the fluid perturbations, we need to augment the above equa-
tions with a prescription for what happens at the boundary between the two fluids. Let’s
describe the shape of this boundary via a function {(x,y,t), which gives the vertical coordi-
nate of the interface at horizontal coordinates (z,y) and time ¢:

Zinterface — C(ma Y, t) (4170)

Continuity requires that fluid elements initially at the interface remain at the interface (other-
wise a gap could open up between the two fluids). To express this constraint mathematically,
let’s introduce the function

F(r,t)=z—((z,y,t). (4.171)

"In fact, our background state is not completely irrotational; the shear at the boundary between the
fluids (z = 0) has a non-vanishing vorticity, but this vorticity remains locked in the boundary due to
Kelvin’s circulation theorem, and does not affect either fluid.
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A fluid element which is at the interface at some initial time clearly has F' = 0. For this
element to remain at the interface for all subsequent times, we require that

dF
— =0 4.172
e (4.172)
or — combining the above expressions, and expanding the Stokes derivative —
0
K VCtv-E=0. (4.173)
ot
We linearize this to obtain
a !
_8_3_”0-VC'+U"2=07

where we’ve taken advantage of the fact that (; = 0 for fluid elements which are at the
interface in the unperturbed background state. This expression applies on either side of the
interface, and so we finally arrive at the boundary conditions

— v V(¢ +v,-2=0, (4.174)
a !
—a—i — gV + v, -2 =0. (4.175)

These strictly apply at z = ¢ but to first order we can also apply them at z = 0.

One additional boundary condition arises from requiring continuity of the pressure across
the interface. Without going into details, this condition is that

Py —=peog¢ =Py—puogd, (4.176)

which also strictly applies at z = ¢ but to first order can be applied at z = 0.

4.6.1 Static Background State: Surface Gravity Waves & Rayleigh-Taylor In-
stability

Let’s now consider a simple situation where the background state is static — that is, v,
and v, in the above equations vanish. We consider trial solutions of the form

Yi(r,t) = yoexplkz] expli(kn, - r — wt)], (4.177)
Y.(r,t) = yyexp|—kz] expli(kn, - r — wt)], (4.178)
C(r,t) = Zexplilkn, - r — wt)] (4.179)
where
v,z,f v;:,u
v v

= y,L o y,u
Y, = oAy | Y, = | (4.180)

P P
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are the vector of unknowns in the lower and upper fluids, respectively; y, and y, are constant
vectors to be determined; k is a scalar; and m, is a unit vector in the x — y plane which gives
the horizontal propagation direction of the perturbations. The z dependence in eqns. (4.177)
and (4.178) is chosen to ensure that far away from the interface the disturbances tend to zero.
Likewise, the appearance of the same constant k in the vertical and horizontal dependencies
of the solutions comes from the requirement that the solutions satisfy the incompressible
and irrotational conditions.

Substituting these trial solutions into the linearized equations, and setting the determinant
of the resulting matrix to zero, ultimately leads to the characteristic equation

(Pe0 + puo)w? + hk(peo — puo) = 0. (4.181)

Assuming for the moment that p,o > puo, this is trivially solved to find the dispersion
relation

w =+, [gklLo—Pu0 (4.182)
Peo + Puo

This real frequency means that the solutions have a wave-like nature, propagating horizon-
tally in a direction given by the vector m . In the limit where the upper fluid density is
negligible compared to the lower fluid density®, the dispersion relation reduces further to

w = £+/gk,

independent of the density of the lower fluid. These waves are related to the internal gravity
waves considered in §4.5, in that both rely on gravity as the restoring force for displaced
fluid elements; however, they have a quite different dispersion relation (compare the above
expression with eqn. 4.167), and are referred to as surface gravity waves to highlight this
difference.

What happens when p, < p, — that is, the upper fluid is more dense than the lower fluid?
The dispersion relation can now be written

W= i, | g0 LLO. (4.183)
Peo T+ Puo

The complex frequencies mean that the solutions have an exponentially growing or decaying
nature — that is, we have an instability. Any infinitesimal perturbation will be amplified by
this instability, and grow until the assumptions of linearity are violated. This instability is
known as the Rayleigh-Taylor (R-T) instability, and develops at the boundary of two fluids
when the more-dense one overlays the less-dense one. See Fig. 4.3 for an example of the R-T
instability.

8 Air and water are one example of such a configuration.
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Figure 4.3: 2-D numerical simulation (using the freely available Athena3D code) of instabil-
ities at the interface between two fluids. The red fluid is more dense than the blue one, and
so (with a downward gravitational force) the equilibrium state is Rayleigh-Taylor unstable.
As the R-T instability develops, the shear established due to different vertical velocities at
the interface causes secondary Kelvin-Helmholtz instabilities, with their characteristic roll
structure.

U

Figure 4.4: Schematics of the development of the Kelvin-Helmholtz instability.

4.6.2 Shear Background State: Kelvin-Helmholtz Instability

We now turn to another simple case, where the background state is Rayleigh-Taylor stable
(peo > puo) but the two layers are not at rest relative to one another. For simplicity, we’'ll
take the background flow velocities to be equal and opposite in the z-direction: v, = vr &
and Vo = — U z.

The trial solutions take the same form as before (cf. eqns. 4.177-4.179), and we follow
through the usual procedure to arrive at a dispersion relation

y —kve(peo — puo) £ VD
Peo T+ Pu

(4.184)

where the discriminant D is defined as
D = gk(peo — puo)(peo + puo) — 4k*0F peopuo-
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The nature of the solutions will clearly depend on the sign of D. If the shear flow is small
enough that D > 0, then w remains real and we have wave-like solutions with phase velocities

_ — +/D/k
w  —vt(Peo — Puo) / (4.185)

C= — =
k Peo T+ Pu

These are the same interface gravity waves we encountered previously, but modified by the
shear flow of the background state: the phase velocity is reduced and biased toward the
negative direction. In fact, the bias is exactly equal to the velocity

Pe,0 — Pu,0
Veom = —Uf ———1 4.186
“ fpe,o + peo ( )

of the center-of-momentum frame of the background state. If we transform to this frame,
then the bias will vanish.

If the shear is sufficiently large that D becomes negative, then the nature of solutions change:
w acquires an imaginary part meaning that perturbations will grow or decay exponentially
with time. This is known as the Kelvin-Helmholtz (K-H) instability, and arises whenever we
have an interface two incompressible fluids with a shear

]- - Fu + u
o] > = 9(peo — puo)(peo + puo) (4.187)
2 kpeopuo

(note that the velocity of the fluids relative to each other is actually 2v¢). Due to the
appearance of k£ in the denominator, we see that we can make this threshold as small as
we like by considering shorter- and shorter-wavelength perturbations — all shear flows are
in principle susceptible to the K-H instability. In practice, however, surface tension at the
interface tends to suppress the instability for short-wavelength perturbations.

When D is negative, w still has a non-zero real part, and so the instability still has a wave-like
nature. Thus, the K-H instability takes the form of wave-like perturbations to the interface
which grow with time and moreover propagate along the interface with a phase velocity veom.
Fig. 4.4 shows idealized schematics of the development of the instability, highlighting the
formation of the roll-like structures which are the characteristic fingerprint of the instability.

Its worth noting that the K-H instability exists even in situations where there is no gravita-
tional stratification between the fluids (¢ = 0), or where the fluids have identical densities.
The former situation typically arises when the shear flow is parallel to the gravity, and is
especially important as a secondary instability which develops on top of the R-T instability.
This is illustrated in Fig. 4.3.
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5 Non-linear Fluid Dynamics

In the previous sections we’ve focused exclusively on solutions to the linearized fluid equa-
tions, which govern the time evolution of small perturbations to some equilibrium background
state. This approach allows us to model wave propagation, but excludes many interesting
— and astrophysically important — phenomena, such as shocks and rarefactions. Let’s now
focus on these phenomena.

Solution of the full fluid equations is tricky, as they comprise a non-linear, coupled set of
partial differential equations. Usually, therefore, we use numerical approaches — which
themselves can be quite complex. However, there is a very powerful approach, the method
of characteristics, which can offer deep insights into the general nature of solutions to the
equations.

5.1 The Method of Characteristics

The basic idea of the method of characteristics is to reduce a set of partial differential
equations (PDEs) to a set of ordinary differential equations (ODEs). To illustrate how this
is done, consider the following ‘scalar’ conservation’ PDE governing the space-time evolution
of some unknown wu(z,t):

u ou

— t)— =0. 5.188
ot +alz, >8x ( )
Here, a(x,t) is some abitrary function of z and ¢. If this equation is to be reduced to an
ODE, then we must find a way of making the solution u depend on just a single variable,
which we’ll call s. This can be done by considering solutions along the family of space-time
curves described by the differential equations

dx dt B

These curves — known as the characteristic curves of the PDE — all share the property
that their speed (the reciprocal of their slope) in the space-time (z-t) plane is given by

dx dx ds
de. _dvds 1
a  dsdt (5.190)

Along a characteristic curve, the PDE can then be written as the ODE

Oudt Oudr du

———t+——=—=0. 5.191

dt ds * drds ds ( )
This indicates that u does not change along characteristic curves — meaning that if we know
the initial state u(z,t = 0) of the PDE, it is possible to determine u at any space-time point

(x1,t1) using the following simple steps:

9Used in this context to indicate that there’s only one unknown variable.
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1. Construct the characteristic curve passing through (z1,t;); at each x and ¢ along this
curve, the tangent should be dt/dx = a™!.

2. Determine the point (zg,0) where this curve intersects the ¢ = 0 line;

3. Read off the initial value u(xg,0) at this point; because u does not change along the
characteristic curve, this is also the value of u(xy,t;).

2.5

2.0

o
\\\\‘\\\\

0.5

0.0

Figure 5.5: Characteristic curves in the z-t plane for the inviscid Burgers’ equation, with
initial conditions given in eqn. (5.194). The curves are colored by their u-value, with purple
corresponding to u = 0 and red corresponding to u = 1.

5.2 The Inviscid Burgers’ Equation

As a specific example of the method of characteristics in action, let’s now consider a scalar

non-linear PDE known as the inviscid Burgers equation:
ou ou
— — = 0. 192
BT +u 9 0 (5.192)

Although somewhat artificial, this equation is often used as a model for how non-linearity
affects the solutions to the full fluid equations. Note that here the speed a(x,t) is just the
dependent variable u — which, although not known explicitly, is still a function of x and

1ONamed after J. M. Burgers, who first proposed the equation.
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Figure 5.6: Solutions to the inviscid Burgers’ equation, based on the characteristic curves
plotted in Fig. 5.5. For clarity, profiles for successive time values are shifted vertically by
0.25. The profiles are colored using the same u-dependent scheme as before.

t. Applying the method of characteristics, the characteristic curves are described by the
equations
dx dt
_— = u7 —_— =
ds ds
Recall that u is constant along a characteristic curve, and hence constant in these equations;
the curves are therefore trivially found as

1.

x = xo + u(xo,0)s, t=s,
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Figure 5.7: Incorrect characteristic curves in the z-t plane for the inviscid Burgers’ equation,
with initial conditions given in eqn. (5.195). The curves are colored by their u-value, with
purple corresponding to v = 0 and red corresponding to u = 1. Note the unphysical crossing
of characteristic curves, beginning at ¢t = 2.

where x is as before the x coordinate of the curve when t = 0. Combining these, we can
also write

xr = xo + u(xg, 0)t. (5.193)

Thus, we have a situation where the characteristic curves are straight lines, with a speed
depending on the initial state. The corresponding solution to the PDE is tricky to write
down in closed form, but can be found using a simple graphical approach.

Let’s do this first by considering the initial state

0 r<-—1
u(r,0) =4 —1<z<1. (5.194)
1 r>1

Fig. 5.5 plots selected characteristic curves in the x-t plane for this configuration, with each
curve colored by the corresponding value of u set by the initial state (recall that u is unchang-
ing along characteristic curves). The dependence of the speed dx/dt of the characteristics
on the initial state can clearly be seen. The solution to Burgers’ equation for any ¢ > 0 can
be read off from this plot by taking slices at constant ¢. In Fig. 5.6 we see that the initial
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Figure 5.8: Incorrect solutions to the inviscid Burgers’ equation, based on the characteristic
curves plotted in Fig. 5.7. For clarity, profiles for successive time values are shifted vertically
by 0.25. The profiles are colored using the same u-dependent scheme as before. Note the
unphysical multiple-valued solutions which appear for ¢t > 2.

profile evolves in two ways: it is advected to the right, and it is stretched out. The stretching
is a direct consequence of the non-linearity of Burgers’ equation; if instead we considered a
linear equation with a constant speed a, then the advection to the right would remain, but
the stretching would vanish.
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Figure 5.9: Control region of spatial extent Az and temporal extent At = Ax/S, across a
shock (thick line) having speed dz/dt = S and separating uniform states u = uy, to the left
and u = ug to the right.

Now let’s consider an initial state which is a mirror image of the one above; specifically,

1 r < —1,
u(z,0)=q1-= —-1<z<l,. (5.195)
0 r>1

Fig. 5.7 shows what happens when we naively plot the characteristic curves: at (z,t) = (1,2),
the curves originating from —1 < xy < 1 intersect with one another. Since each curve is
associated with a different value of u, this suggests u becomes multi-valued at the intersection.
Fig. 5.8 reveals what is happening in this case; it is evident that a discontinuity in u forms
when, at t = 2, the characteristics first cross. For ¢ > 2, u becomes double valued as the
high-u part of the profile ‘overshoots’ the low-u part (because it is moving to the right at a
greater speed).

The formation of the discontinuity means that Burgers’ equation becomes invalid, at least in
the form given by eqn. (5.192. To see this, let’s first note that the equation can be written
in the ‘conservation’ form

ou g_

5 T =0 (5.196)

where f(u), the flux of u, is given by

flu) =L (5.197)
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Figure 5.10: Correct characteristic curves in the x-t plane for the inviscid Burgers’ equation,
with initial conditions given in eqn. (5.195). The curves are colored by their u-value, with
purple corresponding to u = 0 and red corresponding to v = 1. The thick solid black line
beginning at ¢ = 2 is the shock, which propagates with a speed S = 1/2 given by the jump
condition (5.202).

(Observe how eqn. 5.196 is very reminiscent of the fluid conservation equations 1.12,1.16,1.20).
Now consider the integral conservation law for w,

/ P (o ty) — ulw, t) do + /t " Flulen, )] — flu(za, )] dt = 0 (5.198)

where x,, 11, are arbitrary locations and t,, t;, arbitrary times. Let’s divide this latter equation
by both z, — z, and t, — t,:

1 /"’“"b u(z, ty) — ulx, t,) q 1 o flu(ay, t)] — flu(za, t)]

r+
Th — Ty tb—ta tb—ta ta Tp — Ty

dt.  (5.199)

As t, — t, — 0, the integrand in the first expression will approach du/0t, if u remains
continuous with respect to ¢t. Likewise, as x, —x, — 0, the integrand in the second expression
will approach 0f/0z, if u remains continuous with respect to x. Assuming that these
continuity requirements are met, then taking both limits simultaneously gives the result

ou Of

5 T =0 (5.200)
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Figure 5.11: Correct solutions to the inviscid Burgers’ equation, based on the characteristic
curves plotted in Fig. 5.10. For clarity, profiles for successive time values are shifted vertically
by 0.25. The profiles are colored using the same u-dependent scheme as before. Note the
formation and subsequent rightward propagation of the shock for ¢ > 2.

which is identical to eqn. (5.196). So, the integral and differential forms, eqns. (5.198)
and (5.200) are completely equivalent if u is a continuous function of both x and t.

What happens when the continuity requirements are not met? At discontinuities in u, the
equivalence between the two forms is broken. In fact, the differential form becomes invalid,
because the derivative of u is undefined at discontinuities. In such cases, we must switch to
the integral form to figure out how the system behaves. Let’s now do that.
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Figure 5.12: Characteristic curves in the x-t plane for the inviscid Burgers’ equation, with
initial conditions given in eqn. (5.204). The curves are colored by their u-value, with purple
corresponding to v = 0 and red corresponding to © = 1. Note how the initial discontinuity
evolves as an expansion fan.

Suppose we have a discontinuity in u which is moving with a speed dz/dt = S in the z-t
plane, and separates uniform states u = uy, to its left and u = ug to its right. Let’s evaluate
the integrals in eqn. (5.198) over a control region with space interval zy, — z, = Az and time
interval ¢, —t, = At = Ax/S. Fig. 5.9 sketches this configuration in the x-t plane. We find
that

(ur — ur) Az + (flur] — flur]) At =0, (5.201)
which can be rearranged and simplified to
S(UR - UL) = f[’U,R] — f[uL] (5202)

This ‘jump relation’ enforces the conservation of u across shocks, by linking the jump in wu,
the jump in the fluxes, and the speed of propagation of the discontinuity.

For the shock which forms at (x,t) = (1,2) in Figs. (5.7 and (5.8), we have uy, = 1, ug =0,
fu =1/2 and fgr = 0. Applying the above jump relation gives the propagation speed of the
shock as S = 1/2, and the shock therefore follows the curve
1
xr=St= 5t t>2. (5.203)
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Figure 5.13: Solutions to the inviscid Burgers’ equation, based on the characteristic curves
plotted in Fig. 5.12. For clarity, profiles for successive time values are shifted vertically by
0.25. The profiles are colored using the same u-dependent scheme as before.

Characteristic curves which impinge on the shock for ¢ > 2 get ‘eaten’ — they do not
pass though it, because the differential form (5.192) of Burgers’ equation no longer applies.
This is illustrated in Fig. 5.10, which plots the characteristic curves in the x-t plane along
with the shock curve. Fig. 5.11 shows the corresponding solutions. Note how the w profile
progressively steepens until the shock forms at ¢ = 2; the shock then propagates to the right
with a speed between the speeds of the left and right states: ur, > .S > ug.

To close off our discussion of Burgers’ equation, let’s have a look at situations where the
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initial condition is two uniform states separated by a jump at x = 0. There are two possible
options, (a):

0 =<0
0) = : 5.204
u(@,0) {1 x>0, ( )
and (b):
1 <0
,0) = ’ 5.205
u(z,0) {0 2> 0. (5205)

In fact, we've already considered case (b) — it’s what we see in Fig. 5.11 for ¢t > 2, with a
shock propagating to the right.

Case (a) requires a little more thought, however. One way of approaching it is to consider
the ramp initial state

0 r< -
u(z,0) =2 —a<z<a, (5.206)

1 >«

where a > 0 is a tuneable parameter. Figs. 5.5 and 5.6 show the situation for a = 1. If we
reduce «, then the initial transition region connecting u = 0 on the left and v = 1 on the
right gets spatially smaller and smaller. In the limit where « reaches zero, we recover case
(a) above. Therefore, the characteristic curves for (a) will take the form of a fan originating
from x =0, t = 0, as seen in Figs. 5.12 and 5.13 — a so-called expansion fan.

This highlights the fact that when we have discontinuities in the initial state, we cannot
blindly assume that they will continue to exist in the flow as propagating shocks. Sometimes
an initial discontinuity will instead morph into a region of smooth flow, like the expansion
fan in the figure.

5.3 Non-linearity in the Fluid Equations

Let’s now look at the non-linear behavior of the fluid equations, to determine what the
characteristic curves look like, and to see how discontinuities behave. This task is complicated
by the fact that they involve more than a single variable. For simplicity, let’s restrict ourselves
to one spatial dimension and Cartesian geometry, with an independent spatial variable z.
Then, the fluid equations are

dp 0
% o (pv) =0,
Jpv 0 9 B
W—’—%(’OU —I—p) =0,
Ope

0
W—f-%(pgﬂ—f—PU)—O,
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with v being used as a shorthand for v,. These can be written in a compact vector notation
as

ou OF
LI ) 5.207
ot + Ox ’ ( )
where the state vector u is
p
u=|pv (5.208)
pE
and the flux vector F' is
pu
F=|p?+P|. (5.209)
pev + Pv
Eqn. (5.207) can also be written in the form
ou ou
— 4+ A—=0 5.210
ot or Y (5.210)
where the Jacobian matriz A has components
. OF
AY = 4 5.211
S (5.211)

Equation (5.210) is very similar to the scalar conservation PDE (5.188) considered previously,
except that now we have the vector w in the place of the scalar u, and the matrix A
in the place of the scalar a. These differences mean that we can’t apply the method of
characteristics, as it stands, to eqn. (5.210); instead, we must transform to another set of
variables

To perform this transformation, we first note that the Jacobian matrix can be decomposed
as

A=QAQ, (5.212)

where the elements of the diagonal matrix A are the eigenvalues of A, and the columns of the
matrix ) are the corresponding eigenvectors. Now we introduce a new vector of unknowns
w, known as the characteristic variables and defined so that

ou ow

ou ow

0 =@y (5.214)
(5.215)
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The fluid equations then become

ow ow

Multiplying through by Q~!, this simplifies to

ow ow

Because A is a diagonal matrix, this can be decomposed into three decoupled equations

ow; ow;
LA = =1,2,3. 21
815 + 1 (9:1: 0 1 s ,3 (5 8)

We can now apply the method of characteristics to these decoupled equations: the charac-
teristic curves are described by

dx
i Ay (5.219)
and along each of these curve the corresponding characteristic variable w; will be constant.
Every point in space and time has three of these curves passing through it, one for each
characteristic variable; if we trace these curves back to ¢t = 0, then we can determine the
values of the characteristic variables from the initial state, as we did in previous sections.

The foregoing discussion has been relatively generic, since we haven’t explicitly written down
A, Q or A. Let’s now look at our specific case of the fluid equations for an ideal gas. It can
be shown!! that the characteristic speeds are given by

A =v— Qad, Nog =0, Azz = v+ Qad, (5.220)

where a,q is the usual adiabatic sound speed. These in some sense represent the information
propagation speeds through the fluid, as they link the flow state at each point back to
the initial state. The first and third correspond to information propagating in the form of
sound waves, Doppler-shifted by the flow velocity v. The second speed (which is always
between the first and third) represents the bulk advection of material in the flow. Along the
corresponding characteristic curves, the variable

P
wy = — + const. (5.221)
p’Y

is constant. Recall that for adiabatic (isentropic) changes an ideal gas follows the law
P p. (5.222)

Therefore, the constancy of wy along the Ay characteristic curves corresponds to the entropy
not changing — i.e., adiabatic motion.

1By forming the Jacobian matrix A and calculating its eigenvalues and eigenvectors.
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5.4 The Rankine-Hugoniot Jump Relations

As was the case with Burgers’ equation, two curves associated with the same characteristic
variable of the fluid equations can sometimes come together and intersect. When this occurs,
a discontinuity in characteristic variable arises — and this produces a matching discontinuity
in one or more components of w. In such cases, we have to switch to the integral form of the
fluid equations. Using the same approach applied to Burgers’ equation (see, e.g., Fig. 5.9)
we then find that, across the discontinuity,

S(’U,R - UL) = FR - FL. (5223)
Writing this out in full using the definitions of w and F',

S(pr — pL) = PRUR — PLUL (5.224)

S(prvr — pror) = (prvg + Pr) — (prof + P (5.225)

S(pRER — PLEL) = (pRER’UR + PRUR) — (pLELUL + PLUL). (5226)

These are the famous Rankine-Hugoniot jump relations, which determine how states on either
side of a fluid discontinuity are interconnected. In a frame of reference in which the shock is
at rest (S = 0), they simplify to

PLUL = PRUR, (5.227)
o+ Py = prads + P, (5.225)
pLELYL + PLun, = prerUR + PRUR- (5229)

It’s important to realize that the RH relations describe flow discontinuities across which only
a single characteristic variable (wy, wy or ws) is discontinuous. It’s possible to construct left
and right states across which two or three of the w;’s are simultaneously discontinuous. In
such cases we have to insert intermediate states, and apply the RH relations multiple times.
The supersonic colliding flows example in §B.7 illustrates how this is done.

Let’s now look at the RH relations in a couple of important limiting cases. First, suppose
that the fluid in the left and right states is at rest, in the S = 0 frame of reference. Then,
the RH relations reduce to

P, =Py (5.230)

This configuration is known as a contact discontinuity — the left and right states have
different densities'?, but they are at rest relative to each other and in pressure balance.
From eqn. (5.221), we see that it’s the wy characteristic variable that jumps across a contact
discontinuity.

Now suppose that, again in the S = 0 frame, the fluid in the left-hand state has a large
mach number!?:

M= s 1 (5.231)
Qad,L

12f they had the same density, there would be no discontinuity at all!
13The mach number is the ratio of the flow speed to the sound speed.
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This large mach number means that the internal energy of the fluid is negligible compared
to its kinetic energy, allowing us to neglect the P, terms in eqns. (5.228) and (5.229) and
approximate ey, as v /2:

pLV; = prup + Pr, (5.232)
1

§pL’UE = PRERVR + PRUR. (5233)

This set of simultaneous equations can be solved, to find the right-hand states in terms of
the left-hand ones:

v+1
= 5.234
PR v — 1PL7 ( )
v—1
VR = UL, 5.235
R Y1 L ( )
2
P = 2 5.236
R P 1PLUL7 ( )
5+v(v—=2) ,
_ _ 5.237
BT Oy R (5.237)
For a monatomic gas with v = 5/3, these simplify to
PR = 4pL, (5238)
vp = & (5.239)
4
3
Pr = Zvaﬁ, (5.240)
5
ER = 1—6vﬁ. (5.241)

This configuration is known as a shock — the left-hand state is a supersonic flow (M, > 1)
toward the discontinuity, and the right-hand state is a subsonic flow (Mg < 1) away from
the discontinuity. A key feature of a shock is the conversion of a fraction of the flow kinetic
energy into thermal (internal) energy. In the present case, the Mj, > 1 presumption is a
special limiting case known as a strong shock, characterized by a density jump of a factor
four, and a post-shock kinetic-to-internal energy ratio of

1,2
E 1
sz -3 (5.242)

Shocks correspond to jumps in the w;y or wz characteristic variables (the case considered here
has a discontinuous wy). In astrophysical settings they are an important heating mechanism.
For a flows of solar-composition gas, the temperature downstream of a strong shock is readily
found as

PRm (%" 2
T = 0~ 14 x 10° (ot ) 5.243
BT orks 1000 km s~ (5:243)
(the mean particle mass m is ~ 0.61 atomic mass units, for solar composition). Thus, we see
that a 1,000 kms~! flow speed is sufficient to shock-heat the gas to over 10 million kelvin,

in turn producing copious X-ray emission.
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6 Magnetohydrodynamics

6.1 Introducing Plasmas

Astrophysical fluids often take the form of the so-called fourth state of matter — plasmas. A
plasma is a gas containing a non-negligible fraction of charge carriers, typically electrons and
ions. The presence of these charge carriers make plasmas electrically conductive, meaning
that they interact strongly with magnetic fields. To account for this interaction, we need to
modify the fluid equations and introduce additional equations governing the field evolution.

6.2 Review of Electromagnetism

We’ll start by briefly reviewing the parts of electromagnetism needed for the subsequent anal-
ysis. These primarily consist of the vacuum!* Maxwell’s equations, which in cgs (Gaussian)
units are

V. E = 4mp., (6.244)
V-B=0, (6.245)
10B

E=—— 24

V x s (6.246)
10FE J

B=—+441—. 24

V x Y + 47 . (6.247)

Typically, a plasma is neutral over macroscopic-sized regions, because any charge build-up
is rapidly short-circuited by currents. Hence, we shall set the charge density p. in Gauss’
law (6.244) to zero. We'll also assume that the time evolution of the electric field is slow
(compared to the light crossing time of the system) so we can neglect the displacement
current term (¢ 'OE/dt) in Ampere’s law (6.247).

The coupling between the electromagnetic field and the fluid comes via the charge carriers.
As they move relative to the fluid’s bulk velocity v, these charge carriers on the one hand
yield a current J'°, and on the other are acted on electric and magnetic fields, with a force
per unit volume of

J><B_J><B
. )

C

J=pE+ (6.248)

141 e., without any dielectric or magnetic materials, so there’s no need to worry about D, H, polarizations
etc.
15J is the current density.
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The second equality follows from our stipulation that the plasma is electrically neutral.

The currents themselves are driven by electromagnetic induction: as indicated by Faraday’s
law (6.246), a varying magnetic flux through any closed loop C' will generate a current around
that loop. The magnitude of the current is limited by the electrical resistance of the plasma.
Let’s assume that the plasma follows Ohms law, so that

J =0oE. (6.249)
Here, o is the conductivity of the plasma, and the tildes (5 indicate that the equation applies
in the frame co-moving with the fluid. The latter stipulation arises because it is the charge
carriers colliding with other particles in the plasma, which are (on average) at rest in the
co-moving frame, which ultimately limits the current J. To transform back to the usual
inertial frame in which the fluid moves with velocity v, we apply a Lorentz transformation
to the electromagnetic tensor and the current four-vector. Assuming |v| < ¢, the appropriate
transformations are'6

vxX B

J=J, E=E+ —, (6.250)
and so Ohm’s law becomes
B
J:o—<E+”X ) (6.251)
c

This gives the current flowing in the inertial frame of reference in which the plasma is moving
with velocity v.

6.3 The Magnetohydrodynamical Equations

It’s relatively straightforward to derive the equations governing a magnetized plasma, under
the various conditions outlined in the previous section: we just modify the fluid equations
to include the effects of the Lorentz force f (cf. eqns. 6.248). The resulting equations are

% V- (pv) =0, (6.252)
1
%”+v-(pv®v)+vp_szB, (6.253)
1
% + V- (pev + Pv) = v (J x B). (6.254)

The current density is determined via the Ohms-law-based eqn. (6.251), and Maxwell’s
equations govern the time-evolution of the electric and magnetic fields.

With a little algebra, the electric field and current density can be eliminated from these
equations, to leave only the magnetic field as the agent of electromagnetic effects. The

16The Wikipedia page on ‘Lorentz Transformation’ gives a nice summary of this non-relativistic limit
(fetched 2012-04-17).
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momentum and energy conservation equations become

dpv 1

LL V- (w@v)+ VP = (VX B)x B (6.255)
and

9P LG (pev+ Po) = v (Vx B) x B (6.256)

ot P  Ar ’ '

Likewise, Faraday’s law (the induction equation, 6.246) is rearranged to read

B 2
a_:_c—Vx(VxB)—l—Vx(va) (6.257)
ot Ao

(where we've assumed that o is spatially constant). Using the identity
Vx(VxB)=V(V-B)-V’B (6.258)

the first term vanishes due to the V- B = 0 condition, and so the induction equation further
simplifies to

OB
55 = nsV’B +V x (v x B), (6.259)
where
C2
= (6.260)

is the magnetic diffusivity.
6.4 Magnetic Pressure and Magnetic Tension

Let’s have a look in more detail at the Lorentz-force term in the MHD momentum equa-
tion (6.255). Using the identity

V(B-B)=2B x (VxB)+2(B-V)B, (6.261)
we obtain the Lorentz force as

1 1 1

f=—(VxB)xB=—-—V(B-B)+—(B-V)B. (6.262)
A 8T A

On the right-hand side, the first term is the gradient of the scalar Py.g = B?/87. Recalling

that the pressure force is also the gradient of a scalar, we can identify ., as the magnetic

pressure (and, indeed, the units of Pp,,, are those of a pressure).

The second term on the right-hand side can be interpreted as the directional derivative of B
along field lines. If the field strength is changing along a field line, then the resulting force
is parallel to the field line; whereas if the field direction is changing along the field line, then
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the resulting force is perpendicular to the field line. Thus, this term behaves like a tension
force acting along field lines.

Suppose we have a situation where both the magnetic pressure and magnetic tension forces
greatly exceed any of the other terms in the momentum equation (6.255). Then, in order
that this equation be satisfied, the pressure and tension forces must be almost equal and
opposite. Such a configuration is known as force free — a slightly confusing term, because
there are certainly magnetic forces present. Perhaps the simplest interpretation is that, in
a force-free configuration, the net Lorentz force is much much smaller than the individual
pressure and tension forces.

A special subset of force-free field configurations are those derivable from a scalar potential;
for, if

B =V¢p (6.263)

for some scalar ¢g, then J =V x B = 0 and the Lorentz force vanishes exactly. A dipole
magnetic field — the sort exhibited by the Sun during solar minimum — is an example of a
potential field, with

cos

(6.264)

QbBO( T2 .

6.5 The Magnetic Reynolds Number

Let’s now turn to further inspection of the induction equation (6.259). As in §3.5, let L
denote the typical length scale of the system under consideration, and V' is the typical flow
velocity. Then, the induction equation can be cast as

0B n % n

oy ~ 3B+ B~ 5 (1+R) B, (6.265)

where

LV (6.266)

B
is the magnetic Reynolds number. Comparing this against eqn. (3.91) for the ‘ordinary’
Reynolds number, we see that the kinematic viscosity v has been replaced by the magnetic
diffusivity np. The magnetic Reynolds number characterizes the relative importance of
diffusion versus advection (field transport by fluid flow) in the time evolution of the magnetic
field. The following subsections examine these limits in greater detail.

R

6.5.1 The R, < 1 Limit

In the limit R,, < 1, the first term on the right-hand side of the induction equation (6.259)
is dominant, and we may approximate the equation as

B
aa_t =nV’B. (6.267)
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This has the standard form of a diffusion equation, with the magnetic diffusivity setting the
speed at which the magnetic field diffuses from regions of high concentration to regions of
low concentrations. For magnetic structures with a length scale L, the timescale over which
these structures will dissolve via field diffusion into a uniform field is given by
2
L (6.268)
B
Because the conductivity of astrophysical plasmas is typically large, the R, l{1 limit is rarely
encountered in practice. The one possible exception is when the length scale L becomes very
small. Such situations can arise when we have field lines of opposite polarity pushed very
close to each other; then, the diffusion term in the induction equation can dominate, and a
magnetic reconnection can occur, in which the magnetic topology changes.

6.5.2 The R,, > 1 Limit: Ideal MHD

In the opposite limit R,, > 1, the second term in the induction equation (6.259) dominates,
and we have
0B
— =V x (v x B). (6.269)
ot
A very important physical result follows in this limiting ideal magnetohydrodynamics case.

Consider the magnetic flux passing through some surface element d7 which moves with the
fluid:

o= [ B-dA. (6.270)
dr

Suppose the surface and the bounding curve move along with the fluid. Then, the rate of
change of the flux will be

dd  d
— == B.4dA. 6.271
dt — dt J,, (6:271)

We have to be careful when taking the time derivative under the integral sign, because the
surface element d7 changes as it is advected along with the fluid. In fact, we have to make
use of a form of the Reynolds transport theorem (§C)), allowing us to obtain

%z/dT[%—?+(V-B)v}-dA—jg(va)-ds, (6.272)

where C is the curve bounding d7. The divergence of B vanishes, and the second integral
can be transformed into a surface integral via Stokes’ theorem, so

do oB
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Now we invoke the ideal MHD induction equation (6.269), which tells us that the quantity
in square brackets must vanish identically; thus,

do
T 0, (6.274)
which is the famous frozen-fluz condition. Physically, this means that any blob of plasma
threaded by a given magnetic flux must remain threaded by the same flux, no matter what
happens to the blob — the field is tied to the plasma, and vice versa. A useful analogy
here is stiff wires embedded in jello. As the jello is compressed or stretched, the wires must
similarly distort; but the jello is free to slide along the wires. (Note that we assume the jello
doesn’t tear).

6.6 MHD Waves
6.6.1 Wave Equation

Let’s now see how a magnetized plasma responds to small perturbations. For simplicity,
assume that the background state has uniform density and pressure, uniform magnetic field
B = By 2 in the z-direction, and is at rest. In the ideal MHD limit (see above), the linearized

equations are

8 /
a_i LV v =0, (6.275)
ov’ 1 BQ 0B’
—VP = ~VB, 6.276
o " Po 4mpo ( > ) ( )
/
5 +~PV - v =0, (6.277)
oB’
o = BoV x (v x 2). (6.278)

Note that the first term in the parentheses of eqn. (6.276) corresponds to the magnetic
pressure force, and the second term to the magnetic tension force.

6.6.2 Dispersion Relation

Motivated by our previous experiences with the linearized fluid equations (cf. §4.4.3), let’s
assume trial solutions of the form

Y (r,t) =yexpli(k - r — wt)] (6.279)
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where

r'/po
U;c/aad
v,/ Gad
Ulz/aad

Ay (6.280)
B,/ Bo
B, /By
B./Bo

<
Il

is the vector of unknowns (scaled by the background values), and y is a constant vector to
be determined. Substituting this expression for Y into the linearized MHD equations leads
to a set of algebraic equations of the form given in eqn. (4.126), where now

0 aadk;x aadk:y (Iad]iz 0 0 0 0
0 0 0 0 Uadke/y —ahckz/ad 0 a3k @aq
0 0 0 0 Aaakey /vy 0 —aiyk./aaa  aRycky/Gad
M- 0 0 0 0 aaak. /7y 0 0 0
|0 aaakyy  @aakyy  Gaaksy 0 0 0 0 ’
0 —augk. 0 0 0 0 0 0
0 0 —Qaak, 0 0 0 0 0
0 Cladk‘x aadky 0 0 0 0 0
(6.281)
where
B
. (6.282)

aalf = —477,00

introduces the Alfvén speed, being the square root of the ratio between twice the magnetic
pressure and the plasma density (contrast this with the sound speed — adiabatic or isother-
mal — which scales as the square root of the ratio between the gas pressure and the plasma
density).

The characteristic equation (4.128) leads to the dispersion relation

wWlw! — k[*(a5q + aji)w’® + K|k agqai ] (k2ajy — w?) = 0. (6.283)

Defining 6 as the angle of k to the vertical, so that

k-2
cosf = = (6.284)

k|
the dispersion relation can also be written

w? [w4 - |k|2(a§d + ailf)wZ + ]k:|2 cos? 9a§dailf](|k|2 cos? GaQAlf — wz) =0. (6.285)
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This equation has six non-trivial roots!” appearing in three pairs; each pair can be written
in the form

w = +alk|, (6.236)

and corresponds to waves propagating parallel (4) or anti-parallel (-) to the wavevector
k, with a phase velocity a (to be determined) For general 6 there are three distinct phase
velocities (one per pair), corresponding to three distinct types of waves: Alfvén, slow mag-
netosonic and fast magnetosonic. Fig. 6.14 plots these phase velocities as a function of 6,
for both the aayr < @aq and aar > aaq cases (these correspond to ‘weak’ and ‘strong’ fields,
respectively as compared to the typical strength of gas-pressure forces).

6.6.3 Alvén Waves

Let’s focus first on the Alfvén waves, corresponding to the trivial roots
w = Faay cosb |k| (6.287)
of the dispersion relation (6.285). The associated eigenvectors have the form

0
Fanirk,
Faairks

0

0
— aadk:y

aadkm

0

(6.288)

where A is an arbitrary dimensionless constant. Evidently, the pressure and the density
perturbations vanish for the Alfvén waves, while the velocity and field perturbations are
perpendicular to both the equilibrium field and the wavevector:

v.-2=0, B -2=0, v k=0, B - k=0. (6.289)

Physically, this means that perturbations are limited to the horizontal (z-y) plane, and
moreover are perpendicular to the direction of propagation; so, Alfvén waves are transverse.

What restoring force is at work in Alfvén waves, pushing displaced fluid elements back to
their equilibrium positions? It can’t be gas pressure, as the perturbation to P is zero. The
perturbation to the magnetic pressure is

B’
/ 2 2 2 2
Pmag = |:8_7T:| =4 aad(kz + ky)a (6290)
170f the two trivial, w = 0 roots, one corresponds to a case where p’ is non-zero but all the other

perturbations vanish; and the other corresponds to a Lorentz force-free perturbation to the magnetic field.
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where the second equality follows from substituting in the solution vector above. This is
second-order in the perturbation amplitude A, and so to first order in A the magnetic
pressure perturbation also vanishes. In fact, magnetic tension — arising from the bending
of field lines — serves as the restoring force for Alfvén waves. In the present case, the field
lines become bent iff B, and/or B vary with z'®. From inspecting the exponential term
in eqn. (6.288) we see that this implies k, must be non-zero — i.e., Alfvén waves cannot
propagate in the purely horizontal (field-perpendicular) direction. This explains why w # 0
in eqn. (6.287) requires that cos 6 # 0.

For Alfvén waves propagating in the purely vertical (field-parallel) direction, eqn. (6.288)
would seem to imply that the solution vectors become the null vector (because both k, and
k, vanish). In fact, in this special limiting case there are two possible pairs of solutions
vectors,

0
0

Faait / Qad

0 (6.291)

o= O O

and

0

Faait / Qad
0

(6.292)

OO = OO

which correspond to two orthogonal polarizations of the Alfvén wave (in the y and = direc-
tions, respectively). The appearance of this double solution comes from the fact that the full
dispersion relation (6.285) has a double root in w? when cosf = 41, arising from a merger
between the Alfvén waves and one of the magnetosonic waves. This merger can clearly be
seen in both panels of Fig. 6.14.

6.6.4 Magnetosonic Waves

Let’s now look at the magnetosonic waves, which arise as the roots of

w* — |k|? (a2 + ai)w? + k? cos? 0%a2 a3, = 0 (6.293)

BWithout this z dependence, the perturbed field lines would be tilted with respect to the vertical, but
still remain straight lines.
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(this is just eqn. 6.285 with the Alfvén roots eliminated). The solutions are

w = i\/agd + a2Alf + \/<a221d +;2Alf)2 — 4 cos? eangQAlf K|, (6.294)

with the inner plus sign corresponding to the fast magnetosonic waves, and the inner minus
sign to the slow magnetosonic waves (as usual, the outer plus/minus signs determine the
wave propagation direction). In the limit of vertical propagation (cos = +1), the solutions
reduce to

w = tauq |k, w = Fany |kl; (6.295)

the first of these corresponds to pure acoustic waves, and the second to the merged Alfvén
waves discussed above. In the opposite limit of horizontal propagation (cos@ = 0), the
solutions reduce to

w==£y/a, + aiyk, w =0, (6.296)

so now the fast waves have a phase speed a = /a2, + a%;; which is the harmonic mean of
the sound speed and Alfvén speed; while the slow waves have vanished. At oblique angles,
between vertical and horizontal, the slow magnetosonic waves have a frequency below that
of the Alfvén waves, and the fast magnetosonic waves above.

As with the Alfvén waves (cf. eqn. 6.288), the solution vectors for the magnetosonic waves
offer insights into their physical character. For vertical propagation, the w = 4+a k magne-
tosonic waves have solutions

(6.297)

o O O EOOH

these are just longitudinal acoustic waves, with no role played by the magnetic field what-
soever. We've already encountered the solution vectors for the vertical w = Faxs k mag-
netosonic waves — recall that these merge with the Alfvén waves to give the two distinct
polarizations.

Turning therefore to the horizontal limit, the fast waves with w = £+/a2; + a%;; |k| have
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Figure 6.14: Phase velocities ¢ of MHD waves, plotted as a function of propagation angle to
the vertical 0, for the weak field (aa;r < aaq) and strong field (aa;r > a.q) cases. The thick
solid line shows the Alfvén waves, while the thin solid lines show the slow (lower) and fast

(upper) magnetosonic waves .

The horizontal dotted lines show the adiabatic sound speed

a,q and Alfvén speed apyr, and the dashed line shows the combined speed 4/ azd + ailf.
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The velocity perturbations are in the direction of propagation, so these are longitudinal
waves. Because B, and B, vanish, the field lines remain straight, and so magnetic tension
does not play a role; rather, it’s magnetic pressure perturbations (represented by the B!
term) which work in concert with gas pressure perturbations as the restoring force for the
fast magnetosonic waves. Because the restoring force is greater than it would be for pure
acoustic waves or for Alfvén waves, the phase velocity of the fast waves exceeds both the
acoustic and Alfvén speeds.

Similar reasoning explains why the slow magnetosonic waves have a phase velocity smaller
than either the acoustic or Alfvén speeds. For these waves, the gas pressure and magnetic
pressure perturbations work in anti-phase, and the ensuing cancellation leads to a smaller
restoring force. In the horizontal limit, the cancellation is complete, explaining why the
frequencies of these waves tend to zero (cf. Fig. 6.14, eqn. 6.296).
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A Vectors, Dyads and Dyadics

Vectors are a familiar concept to any science student, but dyadics are somewhat more ar-
cane — and, potentially, a great source of confusion. This appendix provides a simplified
introduction to dyadics, couched in the same geometric terms often used to define vectors.

A.1 Vectors

As a reminder,

A wector is a geometrical quantity with a magnitude and a direction.

These notes write vectors using a bold italic font: a, b, etc. When hand-written, an overbar
can be used instead: @, b, etc.

Often, we specify a vector relative to an arbitrary (but agreed-upon) set of reference vectors.
This allows us to define the vector in terms its components, an ordered list of n scalars
(where n is the number of spatial dimensions). Thus, we write

n
a— Zaiei7 (A1)
i=1
where {a'} are the components and {e;} are n unit basis vectors giving the reference di-

rections. Using the Einstein notation, where a twice-repeated index implicitly indicates
summation over that index, this expression can also be written as

a=de;. (A.2)
A.2 Dyads and Dyadics

In the same spirit as our definition above of vectors,

A dyad is a geometrical quantity with a magnitude and two directions.

In these notes we write dyads using a bold sans-serif font: D, E. When hand-written, a
double overbar can be used instead: D, E, etc.

Dyads can be constructed from a pair of vectors by taking the outer product ® between
them:

D=a®b (A.3)

Note that the outer product is not commutative; the order of the operands matters, and in
general a ® b # b ® a. If we specify a and b in terms of their components, then

D = (die;) ® (Ve;). (A4)
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The outer product doesn’t act on scalars, and so we can rewrite this as
D = aibjei X ej, (A5)

or even more compactly as

D = DYE;; (A.6)
where
D' = a'ty, (A7)

Now let’s introduce a related concept:

’A dyadic is a linear combination of dyads.

From this definition, we can see that D is itself a dyadic, because it is a sum of basis dyads
{E;;} weighted by the scalars {D*}. In fact, all dyads are dyadics — but not all dyadics are
dyads. The simplest counterexample is the identity dyadic /,

I =e ®e; = Ej, (A.9)

which cannot be written as a single outer product between two vectors. The identity dyadic
has components

where 0;; is the usual Kronecker delta:

1 i=j
j {0 vy (A1)

Dyads and dyadics are an old-fashioned approach to tensor analysis, which has been largely
superseded by the absolute differential calculus framework introduced by Levi-Civita and
Ricci-Curbastro. They are ultimately not as flexible nor useful as absolute differential calcu-
lus, but are much easier to grasp and therefore can still be useful in situations such as fluid
dynamics, where we don’t need the full formalism. To relate the two approaches, note that
rank-2 contravariant tensor'® are dyadics, and vice versa.

2
9A (0) tensor in the notation of the Schutz [1] book — an excellent introduction, by the way, to modern

tensor analysis.
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A.3 Algebra with Vectors and Dyadics

Both vectors and dyadics obey the rules of linear algebra: we can multiply them by scalars,
add them and subtract them, to obtain a different vector/dyadic. A pair of vectors can also
be reduced to a scalar via the dot product (also known as the dot product or inner product):

a-b=b-a=adb (A.12)

The dot product can also be used to reduce a dyad and a vector to a (different) vector. This
works by the fundamental identity

(a®@b)-c=a(b-c)=1bca. (A.13)

We can apply the same machinery to calculate the dot product between a dyadic and a
vector, if we first expand the dyadic as a sum over basis dyads:

D.-c=(D"E;) - c (A.14)
=D"(e; @ ej) ¢ (A.15)
= D'e,(e; - c) (A.16)
= D e;. (A.17)

From this, we can see that the dot product between the identity dyadic and a vector is the
same vector:

l-c= Iijcjei = 5ijCj€i = ciel-. <A18)
A.4 Calculus with Vectors and Dyadics

A.5 Vector Operators

V. (6l) = Vo (A.19)
V.-(a®b)=(V-a)b+(a-V)b (A.20)
Via-b)=ax (Vxb+bx (Vxa)+(b-V)a+(a-V)b. (A.21)

A.6 The Divergence Theorem

Here, V denotes an arbitrary volume, and 9V the boundary surface of the volume.

/ a-dA:/V-adT (A.22)
oV 1%

/ dA-D:/V-DdT (A.23)
ov v

(Both the vector a and the dyadic D must be continuous functions of position.)
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B Worked Examples

B.1 Hubble Flow

Consider spherically symmetric, isothermal outflow of gas, with an initial (¢t = 0) state having
homogeneous density and a radial velocity proportional to the distance from the origin —
i.e., a Hubble flow:

p(t =0) = po, v.(t =0) = Hyr. (B.1)
What is the subsequent (¢ > 0) evolution of this system?

To solve this problem, we’ll need to use the fluid equations of mass conservation (1.13) and
momentum conservation (1.17). In spherically symmetric geometry, these are

op 10 ,, B
a1 gy () =0 (B2
and
dpv, 1 0 orP
g 29 (r*pv?) + o 0, (B.3)

respectively. Because the flow is isothermal, the pressure and density are related by the
equation of state

P = a®p, (B.4)

where the isothermal sound speed a is a constant. Hence, the momentum equation can also
be written as

2 Op

dpv, 1 0

ot

Let’s now start by guessing that the solutions remain homogeneous and Hubble-like,

plrt) = p(t), (1) = HO)r. (B.6)

Under these assumptions (which will turn out a posteriori to be correct), the mass and
momentum conservation equations become

dp
— +3Hp=0 B.7
3 T3 (B.7)
and
dp dH 9
H— — +4rH*p = B.
r I +rp i +4rH?p (B.8)
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(note that the a? term has vanished, as the density gradient is always zero). Multiplying the
first equation by rH and subtracting it from the second, we arrive at an ordinary differential
equation for H:

dH
rp (E + H2> = 0. (B.9)

This is easily solved (in tandem with the boundary condition H(0) = H,, to find

Hy
H(t) = . B.10
(*) Hot +1 ( )
The corresponding velocity field is
H()T'
) = —— B.11
o) = g (B.11)
and by substituting this back into eqn. (B.7) we find the density as
Po
1) = ——"—=. B.12

These expressions completely describe the t > 0 evolution of the system — and demonstrate
that an initially homogeneous Hubble flow remains homogeneous and Hubble-like.

To finish, let’s examine the Hubble flow from the perspective of a fluid element participating
in the flow. It’s easily shown that the Stokes velocity derivative vanishes,

Dw,
Dt

=0, (B.13)

meaning that the fluid element experiences no acceleration — it moves with constant velocity.
This is because there are no gas-pressure-gradient forces acting on the element. Of course
the overall flow doesn’t have a constant velocity, in either space or time; but the individual
elements comprising it do.

B.2 Nozzle Flow

To lay the groundwork for discussing the solar wind (§B.3), consider isothermal flow along
a tube of varying cross-sectional area. This problem is essentially 1-dimensional, and so we
sometimes refer to it as ‘quasi-1D flow” — the ‘quasi’ qualifier indicating that the geometry
isn’t quite Cartesian, due to the varying cross section. The fluid equations for mass and
momentum conservation then read

dp 10

E + Za_l‘ (A,OU) = 0, <B14)
Jpv 1 0 o, OP

W—FZ% (ApU )+%—0, <B15)
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where x is the spatial coordinate and A(x) is a function describing the cross-sectional area
(for the moment, left unspecified).

In a steady state, the time derivatives in these equations vanish. The continuity equa-
tion (B.14) can then be trivially integrated to obtain

Apv = C (B.16)

the constant of integration C' gives the amount of fluid flowing per second past any point
in the tube. This expression indicates that if the density p remains constant, then v varies
inversely with A; a constriction in the tube leads to an accelerated flow, and vice versa.

With some algebra, the steady-state momentum equation can likewise be manipulated to
the form

a’\ dv a?dA
1— — | p—ot = B.1
( v2) Ydz T Ade (B.17)

Here, a is the isothermal sound speed of the fluid; it appears in this equation because we’ve
eliminated the pressure using the isothermal relation P = a?p. If we transform to a new pair
of dimensionless variables

= 7} p— (B.18)
Y = - (B.19)
then we arrive at a dimensionless nozzle equation
(1 — %) Y% = %% (B.20)
This can trivially be integrated to find the solution
Y2 —InY?=1InA*+ D, (B.21)

where D is a constant of integration.

Before we apply this solution to any specific case, let’s think a little about the general
behavior of the flow along the tube. Assuming for simplicity that Y is positive everywhere?’,
we can identify two regimes:

e subsonic flow with Y < 1; the velocity gradient dY/dX has the opposite sign to the
area gradient dA/dX, so as the tube narrows (dA/dX < 0) the flow will accelerate
(dY/dX > 0).

e supersonic flow with Y > 1; the velocity gradient dY/dX has the same sign as the area
gradient dA/dX, so as the tube expands (dA/dX > 0) the flow will also accelerate
(dY/dX > 0).

20L.e., the flow is in the direction of increasing X.
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Figure B.1: The flow gradient dY/dX (shown as tick marks) at selected tick points in the
(X,Y) plane, for flow through a nozzle with a Gaussian area profile (cf. eqn. B.23). Four
different solutions to the nozzle equation are also show, corresponding to three different
choices of the integration constant D.

If the tube contains a nozzle, where the area function passes through a minimum at some
X = Xy, then we can imagine these two flow regimes existing back-to-back in such a way
that the flow makes a smooth transition from subsonic flow for X < X;, to supersonic for
X > Xnin. However, something special needs to happen at the nozzle throat X = X,.
Since dA/dX = 0 at the throat (by definition) the right-hand side of eqn. (B.20) vanishes,
and so therefore must the left-hand side. There are two possible scenarios here:

(i). dY/dX =0 — that is, the throat is an extremum of the flow velocity;
(ii). Y = 1 — that is, the throat is a sonic point where the flow speed equals the sound
speed.

Of these, only scenario (ii) is consistent with a smooth transition from subsonic to supersonic
flow. In fact, the throat is the only place the flow can make this transition; at any other
point with dA/dX # 0, eqn. (B.20) can’t be satisfied with Y = 1.

Which of the two scenarios is realized depends on the value of the integration constant D.
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Scenario (i) has D = D, where the critical value
Dcrit =1-In Aghroaty <B22)

is found by setting Y = 1 in eqn. (B.21); here, Apoat is the area at the throat, and hence the
minimum area of the tube. Scenario (i) corresponds to D > D, with larger D correspond-
ing to slower (faster) velocities depending on whether the flow is subsonic (supersonic). As
we will see shortly, situations where D < D, are physically invalid.

To visualize the alternative scenarios, Fig. B.1 plots the flow gradient dY/dX as tick marks
at selected points in the (X,Y') plane, for a nozzle with the Gaussian area profile

(B.23)

(The gradient is calculated at each XY using the nozzle equation B.20). Also shown the
figure are four solutions to the nozzle equation, corresponding to three different choices of D;
these solutions are everywhere tangent to the tick marks. The D = D¢y = 1 —In1/4 case
is the critical solution, and smoothly transitions from subsonic for X < 0, to supersonic for
X > 0. Thepairof D = Dcrit—i—% solutions remain subsonic (supersonic) everywhere, but pass
through a velocity maximum (minimum) at the nozzle throat. Finally, the D = Dy — 3
case progressively steepens until dY/dX — oo at X &~ —0.6; this is unphysical and the
solution must therefore be discarded. In fact, this fate befalls all solutions with D < D,
highlighting that the critical case D = D is the minimum possible D consistent with

physicality.

Looking at Fig. B.1, we can see that there should also be a solution with D, which smoothly
transitions from supersonic for X < 0, to subsonic for X > 0. This solution is mathematically
valid, but if we try to establish such a decelerating flow configuration it rapidly breaks up
into a series of shocks; that is, the solution is unstable.

B.3 The Solar Wind

It’s straightforward to demonstrate?® that an isothermal atmosphere in hydrostatic equilib-
rium (cf. eqn. 1.39) around a spherical gravity source (typically, a star or a planet) will have
a finite gas pressure at r — oo. In the case of the Sun, the finite pressure of the atmosphere
(specifically, the corona) at infinity is larger than the pressure of the interstellar medium.
Therefore, no static pressure balance between the corona and the ISM is possible, and a
wind outflow will necessarily ensue.

In a steady state, the mass and momentum conservation equations for the spherically sym-
metric solar wind are

10

ﬁa (TZpUT) = 0, <B24)
19 P GM,

agr Ut =T (2

2'Which means this will be a homework question!
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Figure B.2: The flow gradient dY/dX (shown as tick marks) at selected tick points in the
(X,Y) plane, for solar wind flow. Four different solutions to the nozzle equation are also
shown, corresponding to three different choices of the integration constant D.

(We're assuming that the wind contains negligible mass, so that the gravitational mass at
any radius r > Rg is just the solar mass My). The continuity equation (B.24) is trivially
integrated to find

M

E7

2 pv, = (B.26)
where we’ve written the constant of integration in terms of the global wind mass-loss rate
M. Using this equation and the isothermal relation P = a?p to eliminate the density and
pressure, the momentum equation (B.25) becomes

1 0 : ) M GM, M
g TM> 292 e B.2
47r? Or <U ta or \ 4nr3v, r2  4mriv, (B.27)
Let’s introduce the dimensionless variables
r
X=— B.28
Rparker ( )
y =12 (B.29)
= )
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where the so-called Parker radius is defined as

GM,,

2a2

Rparker = (B 30)

(this is the radius at which the sound speed is equal to the local escape speed). Then, the
momentum equation simplifies to

(1 _ L) y 2 2 (B.31)

Written in this form, we can immediately see that the momentum equation is a nozzle-flow
equation (cf. B.20), with an area function satisfying

1dA 2 2
AX~X X (B.32)
and the nozzle throat at X = 1. We can trivially integrate this to obtain
2
InA=2nX + —, (B.33)

X

where we’ve set the constant of integration to zero because its value has no effect on solutions.
Note that this expression doesn’t describe the area of any physical object; it’s a virtual area
chosen such that quasi-1D flow along a tube with the same area will share the same flow
properties as the solar wind.

Substituting this expression into the general solution (B.21) to the nozzle equation, we obtain
the result

4
Y2—1nY2:4lnX+Y+D. (B.34)
Fig. B.2 plots these solutions in the (X,Y’) plane, together with the gradient tick-marks

calculated using the nozzle equation (B.32). As with Fig. B.1, solutions corresponding to
three values of D are plotted, including the critical value D = —3.

B.4 Flow Around A Cylinder

Let’s now consider the problem of steady-state incompressible, irrotational flow around an
infinite cylinder, as this classic example provides a very important insight into the importance
of viscosity. For simplicity, we’ll assume

1. the cylinder is aligned along the Cartesian z axis, and has radius R;
2. the flow velocity at r = R is tangential to the surface of the cylinder;

3. the flow velocity at large cylindrical radii is v = vy 2.
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Because the flow is irrotational, we can calculate the flow velocity by first solving Laplace’s
equation for the velocity potential @, (cf. §2.6). The natural coordinate system for this is
cylindrical; thus, we need to solve

10 [ 09, N 182§bv+8245v_0
ror \' or r2 0¢? 022

(B.35)

The boundary conditions (either at the cylinder or at infinity) don’t depend on z, so neither
will solutions, and the problem reduces to

10 ( 08,\ 108,

This is now the 2-D Laplace equation in polar coordinates, and is solved using separation of
variables. General solutions have the form

&, =Ay+ Bylnr + Z (Anr” + Bnr_”) (Cpcosng + D, sinng) . (B.37)

n=1

where the A,, B,, C, and D, are constants of integration, to be determined from the
boundary conditions. This expression leads to the velocity components

0D, By Z“’ et S :
= T T = (Apnr™t = Bunr="71) (G, cosng + Dy sinng) , (B.38)
— 109, _ 50( (Apr™t + Byr™" ) (=Cnsinng + Dy,n cos ng) (B.39)
Cor 0¢ n=1 n n n n ) )

Let’s now figure out what the coefficients should be. We can set Ay = 0 since it will have
no effect on the velocity field. At very large radii, the boundary condition v = v,.@& can be
written in polar coordinates as

Up = Ugo COS O, (B.40)
Vg = —Uso SIN . (B.41)

Comparing these expressions against eqns. (B.38-B.39) in the r — oo limit, we see that the
coefficients must satisfy

A0 = v, (B.42)
A,C, =0 foralln>2, (B.43)
A,D, =0 forall n. (B.44)

Likewise, on the surface of the cylinder the boundary condition that the flow is tangential
to the surface requires that v, = 0, and hence

By =0, (B.45)
AnR"™ — B,nR™ =0 foralln>1. (B.46)
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z/R

Figure B.3: Steady-state incompressible, irrotational flow around a cylinder. The left-hand
panel shows the velocity potential &,, with blue corresponding to low values and red to high
values. The right-hand panel shows the pressure, with the same coloring convention. In both
panels, the flow streamlines are overplotted.

Combined with the other constraints on the coefficients, we therefore arrive at the specific
solution

R2
D, = Vo <7“ + 7) Cos ¢, (B.4T7)

corresponding to a flow velocity

2

Up = Vno (1 — %) Cos ¢, (B.48)
RQ

Vp = —VUso (1 + ﬁ) sin ¢. (B.49)

Figure B.3 illustrates this solution by showing both the velocity potential and the gas pres-
sure, overplotted with streamlines (a streamline is the path followed by a fluid element).
The pressure is calculated using Bernoulli’s theorem, which states that for an incompressible
fluid the stream function

F=—+— (B.50)
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is constant along streamlines (this is easily proven by showing that the Stokes derivative of
F vanishes). If we assume at large r that the pressure is constant®, P = P, then

v2 P
= % B.51
>t (B.51)
for all streamlines. Hence, the pressure everywhere is found as
P=P+ g(vgo —0?). (B.52)

From this expression, we see that the flow velocity and pressure are anti-correlated: maxi-
mum pressure occurs at minimum velocity, and vice versa.

An interesting issue raised by Fig. B.3 is that the velocity potential and pressure are left-right
symmetric about x = 0. This means that the upstream pressure forces acting on the surface
of the cylinder are exactly balanced by the corresponding downstream forces — and so the
net force on the cylinder is zero. This surprising result, known as d’Alembert’s Paradoz,
seems to fly against our intuitive notion that there should be some kind of drag force acting
on the cylinder.

In fact, our intuition is correct here; there is a drag force on the cylinder, pushing it in the
downstream direction, but our analysis lacks the vital ingredient necessary to model this
force: wiscosity. A tentative step toward including viscosity is to replace the tangential flow
(v, = 0) boundary condition at the surface of the cylinder with a no-slip condition: the
fluid velocity relative to the surface is zero, meaning that v, = 0 and vy = 0. However, this
immediately causes problems because the coefficients in the general solution (B.37) must
now satisfy the constraints

By =0, (B.53)
AnR" ' —BnR™ =0 foraln>1, (B.54)
AR+ B,R™ =0 foralln>1. (B.55)

The only solution to these is the trivial solution, A, = B, = 0. What this result tells us
that there are no non-trivial solutions to steady-state incompressible, irrotational viscous
flow around a cylinder!

Fortunately, we can find solutions if we relax the assumption of irrotationality. The price to
be paid for this is, however, steep: we can no longer use a velocity potential to model the
flow, and must instead resort to solving the full incompressible Navier-Stokes equations.

B.5 Viscous Flow Through a Pipe

A simple example of viscosity in action is the flow of an homogeneous, incompressible (but
not inviscid!) fluid through a uniform pipe — so-called Hagen-Poiseuille flow. The problem
is easiest handled in cylindrical coordinates aligned with the pipe. We start with the following
assumptions:

22Note that we don’t necessarily have to make this assumption; but it keeps things simple.
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1. the flow is steady;
2. the flow is in the z direction everywhere;

3. the flow speed depends only on the radial coordinate r.

With these conditions, the continuity equation and the ¢ component of the momentum
equation are trivially satisfied, and we shan’t consider them further. The radial component
of the momentum equation reduces to

dp

=
meaning that the pressure must be uniform across the tube, and only vary with z. The z
component of the momentum equation likewise becomes

0, (B.56)

Op 9 wo [ ov,
S =5 B.57
0z VY r or " or ( )
Integrating twice with respect to r, we thus obtain the velocity solution
10
Q)Z(T) = @8—]27'2 +Cilnr + Cs. <B58)

The constants of integration C'; and C are determined by the boundary conditions. In order
that v, remain finite as r — 0, ', = 0. Likewise, if we impose the no-slip condition that
v, — 0 as r = R, where R is the pipe radius, then C5 is such that the solution becomes

1 dp,, 9

vy(r) = ——(r*—R B.59

()= 30"~ B (5.59)

From this solution, we see that the flow has a parabolic velocity profile, with the maximum

at the center of the pipe; and that it travels from the high-pressure end of the pipe to the

low-pressure end. The total mass flow rate can be obtained by integrating over the cross
section,

T dp
—pR*Z.
16up 0z
This result is known as Poiseuille’s formula, and relates the mass flow rate through a pipe

to the pressure drop between the ends. Sometimes this is written in terms of the kinematic
viscosity v = p/p as

R
M = 27?/ pvrdr = — (B.60)
0

s op
=-——R'—. B.61
16v 0z ( )
Poiseuille’s formula explains why we have to suck harder on a straw when we drink a more-
viscous liquid — to maintain a given flow rate, we must match any increase in v with a

corresponding increase in |Op/dz| or the straw radius. The formula is useful experimentally,
as it gives us a way to measure the viscosity of a fluid by forcing it through a pipe. However,
there are limits to this technique; if v is ‘suitably’ small, resulting in large flow rates, the
flow becomes unstable and non-steady, meaning that the assumptions in the derivation here
break down.
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B.6 Thin Accretion Disk

Accretion disks are very common structures in astrophysics. Typically, a disk forms when
material is drawn toward a central gravity source (star, black hole, etc.), but has too much
angular momentum to accrete directly. The disk provides a mechanism for the material to
slowly shed its angular momentum and eventually fall onto the central source.

Let’s consider a disk around a central object of mass M. Quite reasonably, we’ll assume
that the disk is axisymmetric and that there are no fluid flows parallel to the symmetry axis.
The natural coordinate system is cylindrical, aligned with the symmetry axis. The mass
and momentum fluid equations are found (after some rather messy algebra, involving vector
operators in curvilinear coordinates) as

% + laﬁ(rpvr) =0, (B.62)
CLE L B L R (B.63)
L %gv pe0s) = IV -0, (B.64)
gl: V-o], — pg—f. (B.65)
Here, o is the viscous stress tensor, and
o= __ oM (B.66)

Vr2+ 22
is the gravitational potential.

Let’s think about steady-state solutions to these equations, where the explicit time deriva-
tives vanish. Generally speaking, the terms involving the viscous stress are small and can be
neglected. However, in the azimuthal momentum equation (B.64) in the steady state, the
viscous stress term must be retained in order to balance the inertia term on the left hand
side. Thus, our steady-state fluid equations read

10
" a —(rpv,) =0, (B.67)
10, , v oP 0
Far P P e = (B.68)
10
ﬁa(r%vrvgb) =[V.0ol, (B.69)
oP 0P

Let’s now focus on the vertical momentum equation. Substituting in eqn. (B.66), we obtain

oP GM
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This, of course, amounts to the requirement that the disk is in vertical hydrostatic equi-
librium! In the vicinity of the disk midplane, where |z| < r, this HSE equation can be
approximated as approximated as

opr GM

= =, B.72

0z Pms ( )
If we assume an isothermal equation of state, with P = a?p as usual, then the equation is
trivially solved to find

P(r,2) = P(r,z = 0) exp <——2) . (B.73)

This is a Gaussian pressure distribution centered on the midplane, with a characteristic scale
height

r3q2
H = . B.74
GM ( )

Since the local escape speed at radius r i8 vese = \/2G'M /13, we see that
H=12" (B.75)

UeSC

If the material in the disk is cool, then its sound speed (which has the same order-of-
magnitude as the particle thermal speed) will be much smaller than the escape speed; hence,
we expect the disk to be thin, H < r.

Let’s now focus on the steady-state radial momentum equation (B.68). If the disk is thin,
then the pressure term on the left-hand side will be small compared with the gravitational
term on the right-hand side. If we moreover assume the inflow /outflow velocity is subsonic
(v, < a) then we can also neglect the leading inertia. This leaves us with a balance between
gravity and the centrifugal force,

vi GM GM

But this is just the condition for circular orbits following Kepler’s laws. So, we see that

a thin, steady-state, subsonic disk is necessarily Keplerian. We can also write this as an
equation governing the angular velocity:

2

1;_¢ _|GM (B.77)

r3

and so we see that 2 falls off as r—3/2.

As a final step, let’s turn to the azimuthal momentum equation (B.69). Substituting an
expression for the ¢ component of the viscous stress divergence®?, this equation becomes

1 8 2 B 1 8 3 8 V¢
ﬁa(r pUrV) = 29 [7“ e ( )} : (B.78)

r

2Found from a costly expedition through a jungle of vector calculus!
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Writing the coeflicient of viscosity in terms of the kinematic viscosity, and replacing vy /7
with (2 this becomes

10,4 10 o012

-~ ) = —— |[PBoy—1. B.

r20r (rpv.©2) r2 Or [T P oy } (B.79)
As a final step, let’s integrate in the vertical direction to obtain

10,4 10 o2

— (Y0 = —— |y B.

r2or (r ) r2 Or [T " or ] ’ (B.80)
where we’ve introduced

= / pdz (B.81)

as the disk surface density. We can trivially integrate (B.80) in the radial direction, finding

Y, = r?’EyC(li—Q +C, (B.82)
r

To determine the constant of integration C', let’s consider what happens in the vicinity of
the surface of the accreting object. Because the no-slip condition applies at this surface,
there must exist a boundary layer where the angular velocity of the disk drops below the
Keplerian rate given by eqn. (B.77). At the top of this boundary layer, the turn-over in the
angular velocity profile means that df2/dr = 0; hence,

|GM
C = R} (X)) =g, ~ R} (Zv,)=r, iR (B.83)
b

where the second equality follows from applying eqn. (B.77) at the top of the boundary layer
r = Rp. Assuming the boundary layer is thin, we can approximate R; with the surface
radius R of the accreting object, and so

|GM
C =~ R(EUT)T:R ? (B84)

Further simplifications come from integrating the steady continuity equation (B.67) in ver-
tical and radial directions, giving
M

v, =~
T2 o

(B.85)

where M is the mass accretion rate, appearing as another constant of integration?*. Hence,

(E/Ur)rzR = 5 _p <B86>

24Note that M is positive when v, is negative, and vice versa.
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Likewise, from eqn (B.77) it follows that

dsn 3 /GM
T - 3V (B-87)

and so eqn. (B.82) becomes

—r —\/ ——7’22V r3 R2 : (B.88)

We can solve this for the surface density, finding

oM <1 _ E) , (B.89)

3y T

The radial velocity trivially follows as

—1
3v R

= —— | 1—14/— . B.90

v 2r < r) ( )

Note that v, diverges as we approach the stellar surface — this indicates that the assumption
of small (sub-sonic) inflow velocity necessarily breaks down as we approach the boundary
layer.

Since the inflow velocity is independent of M, it would seem that dumping more mass into
the accretion disk will raise the surface density and hence accretion rate, but will otherwise
leave things unchanged. So, it would seem that we can have achieve rates as high as we
like, right? In fact, toward higher accretion rates the viscous dissipation term in the energy
equation becomes large, and (unless efficient radiative cooling kicks in) the disk will heat up
in response. The energy dissipated per unit surface area of the disk is given by

D(r) = /00 ddz, (B.91)

where @ is the dissipation rate per unit volume introduced in eqn. (3.86). Assuming that
Uy > Uy, this rate is given by

dn 9 GM
& = pvr (dr) = (B.92)
Hence,
GM  3GMM R
D(r) = —2 = 1—/—]. B.
(r) 17" 473 ( T> (B-93)

When the disk is in thermal equilibrium, this dissipation rate must match the rate at which
the disk radiates energy away. Assuming the disk radiates from its upper and lower surfaces
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as a black-body, we can determine the local surface temperature Ty by applying the Stefan-
Boltzmann law:

3GMM R
2091 = ——— [1—4/= |, (B.94)
43 r

where ogp is Stefan’s constant. Interestingly, this expression is independent of the kinematic
viscosity (which is typically a very uncertain parameter), depending only on the product
MM. At large radii » > R, the surface temperature follows the characteristic scaling
T, ~ r—3/4 — the disk becomes cooler and dimmer the further out we look.

If we integrate D(r) over the whole disk, then we can arrive at an expression for the total
luminosity radiated by the disk:

L:/R D(.r)27rrdr (B.95)

= BG#/R (1 — \/Er> r2dr (B.96)
GMM

- (B.97)

This is half of the luminosity GM M /R released by the accretion; the other half remains in
the orbital kinetic energy of the accreting material. Sound familiar? Indeed, it does — this
is nothing other than the virial theorem!

B.7 Supersonic Colliding Flows

A oft-encountered situation in astrophysics is the collision between two highly-supersonic
flows. Let’s use the Rankine-Hugoniot relations to build up a picture of the resulting flow
structure. For simplicity, we assume that the colliding flows have equal and opposite mo-
menta, so that

PLUL = —pPRVUR (B.98)

where the subscript L refers to the flow coming in from the left and traveling right, and the
subscript R refers to the flow coming in from the right and traveling left.

This configuration can’t satisfy the RH relations (5.224-5.226), no matter what the choice
S. The reason is that the collision region contains jumps in more than one of the multiple
characteristic variables w;. Let’s suppose that in fact there are jumps in all three character-
istic variables, meaning that there are two intermediate states (denoted IL and IR) between
the left and right flow states. Fig. B.4 sketches this configuration. The IL and IR states are
shown as having a finite width; even if this isn’t correct at some initial time, it becomes true
at some later time, as we shall see.

We now apply the RH relations across each of the boundaries between adjacent flow states.
First consider the middle boundary, between the IL and IR intermediary states. Because
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Figure B.4: Schematic of two colliding flows, showing the L(eft) and R(ight) states and the
IL and IR intermediate states.

of the matched momentum condition (B.98), a membrane placed on this boundary would
remain at rest indefinitely. Thus, the fluid on either side of the boundary must be at rest,

v, = vir = 0, (B.99)
and we can identify the middle boundary as a contact discontinuity, with Py, = Pr (but, in

general, pr, # pr)-

Now let’s focus on the left-hand boundary, between the L and IL states. Because the flow
speed in the L state is highly supersonic, we can assume that the boundary is a strong shock,
such that we can neglect the gas pressure in the L state. The RH relations then become

Su(pi — pr) = —prvL (B.100)
Su(=pLvL) = (Pw) — (pLop) (B.101)

1 1
St (PIL5IL - §pLUi> = (PIL€1LUIL + PILUIL) - §vaf, (B.102)

where Sp, is the speed of the shock. Together with the definition of the total energy in the
IL state (with v = 5/3),

o, 3P
€IL = (5 T 5

: B.103
2 "o (B-103)
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and the fact that vy, = 0 (from above), these algebraic equations can be solved to find

oL = 4pr, (B.104)
P = gvag, (B.105)
e, = %vi, (B.106)
Sy = —%UL. (B.107)

The factor-four jump in density, from the L state to the IL state, is (unsurprisingly) the
same as found for strong shocks in §5.4. Since vy, is assumed positive, we can see that the
shock speed is negative — that is, the shock propagates upstream into the L state.

A similar analysis can be applied to the boundary between the IR and R states, to find

pir = 4pr, (B.108)
P = ngvﬁ, (B.109)
IR = %vﬁ, (B.110)
S = _%UR. (B.111)

Because vg is assumed negative, the shock speed Sg is positive and the shock propagates
upstream into the R state.

Let’s now take a step back and think about the physical meaning of the collision region we’ve
found. The intermediate IL and IR states are in pressure balance with each other (Pr = Pyr,),
and contain stationary fluid that originated from the L. and R flow states, respectively. As
time passes, the sizes of the intermediate states grow as the shocks separating them from the
incoming flows propagate upstream. In effect, we have a pile-up between the two opposing
fluid streams.

The assumption (B.98) of balanced momenta was made to simplify the analysis, by forcing
the contact discontinuity between the two shocks to be stationary. The foregoing analysis can
be generalized to any frame of reference, however, just by applying a Galilean transformation
to the velocities. In particular, suppose we transform to a frame in which the R state is at
rest. Then, denoting this new frame with an overbar, the speeds of the shocks are

~ 1 R—1_
SL:_ng_UR: T\’,—{—iUL’ (B112)
= 1 iR
SR: —ng—’UR: 7§+1UL, (B113)
where
rR=" (B.114)
PR
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is the density contrast between the left and right states. Likewise, the speed of the contact
discontinuity is

~ R
SC = —UVUR = R i 1UL. (B115)

These expressions describe what happens when a flow with velocity vy, collides with fluid
at rest. Two shocks arise: the forward shock moving with velocity Sg (always positive),
and the reverse shock moving with velocity Sy, (positive if R > 1/3, negative otherwise).
Between these two shocks is a contact discontinuity, which separates the stationary material
swept up by the forward shock (on the right-hand side) from the material piled up by the
reverse shock (on the left-hand side).

B.8 The Jeans Instability

We all know that stars are formed from the collapse of giant molecular clouds (GMCs) in
the interstellar medium. But what precipitates this collapse? It turns out that when we
incorporate the force of self gravity in the linearized equations describing acoustic waves, a
new kind of instability appears which can precipitate collapse in a sufficiently-massive cloud.
This instability is the Jeans Instability.

To derive a criterion for the Jean’s instability, let’s re-write eqns. (4.111-4.113), describing
perturbations to a static, uniform ideal gas, with the requisite self-gravity term:

oy’

v =0 B.116
8t +p0V v , ( )
ov’ 1
— 4+ —VP =-Vd B.117
(975 _'_ po ’ ( )

oP’
5 + PV - v =0, (B.118)

where the perturbation to the gravitational potential satisfies Poisson’s equation

V3 = 4nGypl. (B.119)

As with our previous analyses of waves and instabilities, we proceed by assuming solutions
with an exponential space/time dependence. Thus, we write

Y (r,t) =yexpli(k - r — wt)] (B.120)
where
P/ po
v,/ Gaa
V! [Gaq
y
U;/Clad (B.lQl)
P'/P,
Qb//aid

}.<
Il
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is the vector of unknowns, and y is as usual a constant vector to be determined. Substituting
this expression for Y into the linearized equations leads to the set of algebraic equations for

Y,

My =wBy (B.122)
where
0 aadkx aadk:y aadk:z 0 0
0 0 0 0 Aagks /7y Qadks
B 0 0 0 0 Aaaky /Yy Gadky
M=1| 0 0 0 auaks/y awk. | (B.123)
0 aadkz'y aadky/y aadszy 0 0
4G py 0 0 0 0 aZ|k|?
and
1 00 0O
01 000
001 00
B=|0 000 0 (B.124)
00010
0 00 0O

Comparing eqn. (B.122) against (4.126), the appearance of the matrix B in the former is
because Poisson’s equation doesn’t include an explicit time derivative. Equations having
the form of eqn. (B.122) are known as generalized eigenvalue problems, as distinct from
ordinary eigenvalue problems which have B = I. The characteristic equation governing the
frequencies now becomes

det(M —wB) =0, (B.125)
which (as usual, with help from Mathematica) leads to the dispersion relation

w? (w? = aZy|k|* + 47Gpy) = 0. (B.126)
Throwing away the trivial solutions, this becomes

w® — aZy|k|? + 4rGpy = 0. (B.127)
Inspecting the dispersion relation, we can see that if we could magically turn the force of
gravity off — by setting G = 0, for instance — then we would obtain the same relation

w = Faaq|k| (B.128)

as found for ordinary acoustic waves in a uniform medium (see eqn. 4.118). This isn’t
surprising; if we remove the self-gravity terms, our analysis here is identical to that in §4.4.
However, in the opposite limit — where the gravity term dominates the gas pressure term
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in the momentum equation (B.117) — we find equation predicts a very different sort of
behavior; w? becomes negative, indicating an imaginary w and thus solutions which grow
or decay exponentially with time. This is the Jeans instability. To get a physical idea of
how the instability works, imagine we compress a region of a uniform medium. The excess
pressure generated by this compression will try to reverse the compression and restore the
original state. However, if we sweep up sufficient mass in the compression, the gravitational
field generated by this mass enhancement will overcome the pressure force and cause the
compression to amplify itself. The result is a self-sustaining gravitational collapse.

Combining the condition for the instability, w? < 0, with the dispersion relation (B.127)
leads to the inequality

4G
k2 < k2= 20 (B.129)
aq

where we have introduced a ‘Jeans wavenumber’ kj. We can also write this in terms of a
length scale for perturbations: the instability will kick in for perturbations with a scale larger
than the characteristic Jeans length

o Ta?
Aj = = = ) —2d, B.130
7Tk Gpo ( )

Associated with the Jeans length is the mass of a sphere with density pg and radius Aj: the
Jeans mass,

47
Mj = gx\ﬁpo, (B.131)
representing the typical amount of mass we need in a system (e.g., a molecular cloud) for

the Jeans instability to kick in.

Assuming a density of ~ 100 hydrogen atoms per cubic centimeter, at a temperature of 100 K,
the Jeans length works out as around 20 pc, and the Jeans mass to around 84,000 M. These
values fall squarely into the size and mass range of giant molecular clouds, and hence it is
in GMCs that we see the Jeans instability in action. Of course, the results of the instability
— stars — have a mass much smaller than the Jeans mass; this is because fragmentation
occurs during the collapse, allowing smaller, denser regions to form and (with their reduced
Jeans lengths, due to their higher densities) continue collapsing.

B.9 The Taylor-Sedov Blast Wave

The Taylor-Sedov Blast Wave is a model for what happens when we dump a very large
amount of energy FEj into a vanishingly small volume within an initially homogeneous, static
medium having density po. The resulting overpressure at the energy deposition point (hence-
forth assumed to be at the origin) causes a spherical shock to expand outwards, sweeping
up the ambient material as it goes; this shock is known as a blast wave.
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To get an idea on how the properties of the blast wave evolve with time, let us denote the
shock radius at time ¢ by R(t). Then, the volume of ambient material swept up will be
47 R3/3, and the mass of swept-up material scales as

M ~ R?pg (B.132)

(henceforth, we're going to neglect numerical factors such as 47/3). The average speed of
the shock is likewise given by

R
Vi~ (B.133)

Combining these expressions, the total kinetic energy of the swept-up material can be esti-
mated as

Eyin ~ MV? ~ pg Rt ™2, (B.134)

We can likewise estimate the thermal energy of the swept-up material as
Eipm ~ R°P, (B.135)

where P is its pressure (recall that pressure is a measure of internal energy per unit volume).
To determine this pressure let’s assume that the shock is strong; the pressure downstream
of the shock is then given (cf. eqn. 5.240) by

P~ p0V2 ~ p0R2t72 (B136)
leading to a thermal energy
Bim ~ po Rt 2. (B.137)

Clearly, the kinetic and thermal energies share the same scaling with R and ¢, as does the
total energy

E = Fign + Egm ~ po Rt 2. (B.138)

Conservation of energy requires that E be fixed and equal to the initial energy Ey; this then
means that the shock radius necessarily scales as

2\ 1/5
R~ (Eot > . (B.139)
Po
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C The Reynolds Transport Theorem

The Reynolds Transport Theorem (RTT) is a mathematical device allowing us to calculate
the time derivative of volume integrals whose bounds themselves are changing with time.

Let a denote any arbitrary vector field. For the volume integral of a over a volume V which
moves with the fluid, the theorem states that

D
— [ adr = a—dT—i—j{ av-dA, (C.1)
Dt J, ot iy

where JV is the closed surface bounding the volume.

A similar expression exists for integrals over a surface which moves with the fluid — although
strictly speaking this expression is not the RTT but an instance of the Leibniz integral rule.
Denoting the (not necessarily closed) surface as 9V, we have

D da
— a-dA = — 4+ oV - a] -dA — %vxa C.2
Dt Jay oV [a (©2)

where C is the closed curve bounding dr.
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