
DZIEM Formulation

Radial Adiabatic

Variables

x =
r

R∗

y1 = x2
ξr
r

y2 = x2
1

gr

(
p′

ρ

)

Differential Equations

x
dy1
dx

=

(
V

Γ1
− 1

)
y1 +− V

Γ1
y2

x
dy2
dx

= (c1ω
2 + U −A∗)y1 + (3− U +A∗)y2

Boundary Conditions

y1 = 0 as x→ 0

y1 − y2 = 0 as x→ 1 (Zero)
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Non-Radial Adiabatic

Variables

x =
r

R∗

y1 = x2−`
ξr
r

y2 = x2−`
1

gr

(
p′

ρ
+ Φ′

)
y3 = x2−`

Φ′

gr

y4 = x2−`
1

g

dΦ′

dr

Differential Equations

x
dy1
dx

=

(
V

Γ1
− 1− `

)
y1 +

(
`(`+ 1)

c1ω2
− V

Γ1

)
y2 +

V

Γ1
y3

x
dy2
dx

= (c1ω
2 −A∗)y1 + (3− U +A∗ − `)y2 −A∗y3

x
dy3
dx

= (3− U − `)y3 + y4

x
dy4
dx

= A∗Uy1 +
V

Γ1
Uy2 +

[
`(`+ 1)− V

Γ1
U

]
y3 − (U + `− 2)y4

Boundary Conditions

c1ω
2y1 − `y2 = 0

`y3 − y4 = 0

}
as x→ 0

y1 − y2 + y3 = 0

Uy1 + (`+ 1)y3 + y4 = 0

}
as x→ 1 (Zero)

{
1 + V −1

[
`(`+ 1)

ω2
− 4− ω2

]}
y1 − y2 +

{
1 + V −1

[
`(`+ 1)

ω2
− `− 1

]}
y3 = 0

(`+ 1)y3 + y4 = 0

 as x→ 1 (Dziembowski)
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Non-Radial Non-Adiabatic

Variables

x =
r

R∗

y1 = x2−`
ξr
r

y2 = x2−`
1

gr

(
p′

ρ
+ Φ′

)
y3 = x2−`

Φ′

gr

y4 = x2−`
1

g

dΦ′

dr

y5 = x2−`
δS

cp

y6 = x−1−`
δLrad

L∗

Differential Equations

Non-Adiabatic

x
dy1
dx

=

(
V

Γ1
− 1− `

)
y1 +

(
`(`+ 1)

c1ω2
− V

Γ1

)
y2 +

V

Γ1
y3 + δy5

x
dy2
dx

= (c1ω
2 −A∗)y1 + (3− U +A∗ − `)y2 −A∗y3 + δy5

x
dy3
dx

= (3− U − `)y3 + y4

x
dy4
dx

= A∗Uy1 +
V

Γ1
Uy2 +

[
`(`+ 1)− V

Γ1
U

]
y3 − (U + `− 2)y4 − δUy5

x
dy5
dx

= V
[
∇ad(U − c1ω2)− 4(∇ad −∇) + ckap

]
y1 + V

[
`(`+ 1)

c1ω2
(∇ad −∇)− ckap

]
y2 +

V ckapy3 + V∇ady4 + [V∇(4− κS) + 2− `] y5 −
V∇
crad

y6

x
dy6
dx

=

[
`(`+ 1)

(
∇ad

∇
− 1

)
crad − V cε,ad

]
y1 +

[
V cε,ad − `(`+ 1)crad

(
∇ad

∇
− 3 + c′rad

c1ω2

)]
y2 +[

`(`+ 1)
∇ad

∇
crad − V cε,ad

]
y3 +

[
cε,S −

`(`+ 1)crad
∇V

− iωcthm

]
y5 − [1 + `] y6

Boundary Conditions

c1ω
2y1 − `y2 = 0

`y3 − y4 = 0

y5 = 0

 as x→ 0

Outer

y1 − y2 + y3 = 0

Uy1 + (`+ 1)y3 + y4 = 0

(2− 4∇adV )y1 + 4∇adV y2 − 4∇adV y3 + 4y5 − y6 = 0

 as x→ 1 (Zero)
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{
1 + V −1

[
`(`+ 1)

ω2
− 4− ω2

]}
y1 − y2 +

{
1 + V −1

[
`(`+ 1)

ω2
− `− 1

]}
y3 = 0

(`+ 1)y3 + y4 = 0

(2− 4∇adV )y1 + 4∇adV y2 − 4∇adV y3 + 4y5 − y6 = 0

 as x→ 1 (Dziembowski)
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JCD Formulation

Radial Adiabatic

Variables

x =
r

R∗

y1 = x2
ξr
r

y2 = x2
1

σ2r2

(
p′

ρ

)

Differential Equations

x
dy1
dx

=

(
V

Γ1
− 1

)
y1 +− V

Γ1
c1ω

2y2

x
dy2
dx

=

(
1 +

U −A∗

c1ω2

)
y1 +A∗y2

Boundary Conditions

y1 = 0 as x→ 0

y1 −
y2
c1ω2

= 0 as x→ 1 (Zero)
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Non-Radial Adiabatic

Variables

x =
r

R∗

y1 = x2−`
ξr
r

y2 = x2−`
`(`+ 1)

r2σ2

(
p′

ρ
+ Φ′

)
y3 = −x2−` Φ′

gr

y4 = −x2−` r d

dr

(
Φ′

gr

)



` 6= 0

x =
r

R∗

y1 = x2
ξr
r

y2 = x2
1

r2σ2

(
p′

ρ

)
y3 = −x2 Φ′

gr

y4 = −x2 r d

dr

(
Φ′

gr

)



` = 0

Differential Equations

x
dy1
dx

=

(
V

Γ1
− 1− `

)
y1 +

(
1− V

Γ1

c1ω
2

`(`+ 1)

)
y2 −

V

Γ1
y3

x
dy2
dx

=

(
`(`+ 1)− `(`+ 1)

c1ω2
A∗
)
y1 + (A∗ − `)y2 +

`(`+ 1)

c1ω2
A∗y3

x
dy3
dx

= (2− `)y3 + y4

x
dy4
dx

= −A∗Uy1 +− V
Γ1
U

c1ω
2

`(`+ 1)
y2 + [`(`+ 1) + U(A∗ − 2)] y3 + (3− 2U − `)y4


` 6= 0

x
dy1
dx

=

(
V

Γ1
− 1

)
y1 +− V

Γ1
c1ω

2y2 −
V

Γ1
y3

x
dy2
dx

= (1− A∗

c1ω2
)y1 +A∗y2 +

A∗

c1ω2
y3

x
dy3
dx

= 2y3 + y4

x
dy4
dx

= A∗Uy1 +
V

Γ1
Uc1ω

2y2 + U(A∗ − 2)y3 + (3− 2U)y4


` = 0

Boundary Conditions

c1ω
2y1 − `y2 = 0

`y3 − y4 = 0

}
as x→ 0

y1 − y2 + y3 = 0

Uy1 + (`+ 1)y3 + y4 = 0

}
as x→ 1 (Zero)
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{
1 + V −1

[
`(`+ 1)

ω2
− 4− ω2

]}
y1 − y2 +

{
1 + V −1

[
`(`+ 1)

ω2
− `− 1

]}
y3 = 0

(`+ 1)y3 + y4 = 0

 as x→ 1 (Dziembowski)
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Non-Radial Non-Adiabatic

Variables

x =
r

R∗

y1 = x2−`
ξr
r

y2 = x2−`
1

gr

(
p′

ρ
+ Φ′

)
y3 = x2−`

Φ′

gr

y4 = x2−`
1

g

dΦ′

dr

y5 = x2−`
δS

cp

y6 = x−1−`
δLrad

L∗

Differential Equations

Non-Adiabatic

x
dy1
dx

=

(
V

Γ1
− 1− `

)
y1 +

(
`(`+ 1)

c1ω2
− V

Γ1

)
y2 +

V

Γ1
y3 + δy5

x
dy2
dx

= (c1ω
2 −A∗)y1 + (3− U +A∗ − `)y2 −A∗y3 + δy5

x
dy3
dx

= (3− U − `)y3 + y4

x
dy4
dx

= A∗Uy1 +
V

Γ1
Uy2 +

[
`(`+ 1)− V

Γ1
U

]
y3 − (U + `− 2)y4 − δUy5

x
dy5
dx

= V
[
∇ad(U − c1ω2)− 4(∇ad −∇) + ckap

]
y1 + V

[
`(`+ 1)

c1ω2
(∇ad −∇)− ckap

]
y2 +

V ckapy3 + V∇ady4 + [V∇(4− κS) + 2− `] y5 −
V∇
crad

y6

x
dy6
dx

=

[
`(`+ 1)

(
∇ad

∇
− 1

)
crad − V cε,ad

]
y1 +

[
V cε,ad − `(`+ 1)crad

(
∇ad

∇
− 3 + c′rad

c1ω2

)]
y2 +[

`(`+ 1)
∇ad

∇
crad − V cε,ad

]
y3 +

[
cε,S −

`(`+ 1)crad
∇V

− iωcthm

]
y5 − [1 + `] y6

Boundary Conditions

c1ω
2y1 − `y2 = 0

`y3 − y4 = 0

y5 = 0

 as x→ 0

Outer

y1 − y2 + y3 = 0

Uy1 + (`+ 1)y3 + y4 = 0

(2− 4∇adV )y1 + 4∇adV y2 − 4∇adV y3 + 4y5 − y6 = 0

 as x→ 1 (Zero)
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{
1 + V −1

[
`(`+ 1)

ω2
− 4− ω2

]}
y1 − y2 +

{
1 + V −1

[
`(`+ 1)

ω2
− `− 1

]}
y3 = 0

(`+ 1)y3 + y4 = 0

(2− 4∇adV )y1 + 4∇adV y2 − 4∇adV y3 + 4y5 − y6 = 0

 as x→ 1 (Dziembowski)
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Structure Coefficients

Mechanical

V = −d ln p

d ln r
A∗ =

1

Γ1

d ln p

d ln r
− d ln ρ

d ln r
U =

d lnMr

d ln r
c1 =

r3

R3
∗

M∗
Mr

Γ1 =

(
∂ ln p

∂ ln ρ

)
S

Thermal

∇ =
d lnT

d ln p
∇ad =

(
∂ lnT

∂ ln p

)
S

δ = −
(
∂ ln ρ

∂ lnT

)
p

crad = x−3
Lrad

L∗
c′rad =

d ln crad
d ln r

cε,ad = x−3
4πr3εadρ

L∗
cε,S = x−3

4πr3εSρ

L∗
cthm = x−3

4πr3cpTρ

L∗

√
GM∗
R3
∗

ckap = (κad − 4∇ad)V∇+∇ad

(
d ln∇ad

d ln r
+ V

)
κad =

(
∂ lnκ

∂ ln p

)
S

κS = cpT

(
∂ lnκ

∂S

)
p

εad =

(
∂ε

∂ ln p

)
S

εS = cpT

(
∂ε

∂S

)
p
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